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ABSTRACT. Given a bounded autonomous vector field b: R? — R?, we
study the uniqueness of bounded solutions to the initial value problem
for the related transport equation

hu+b-Vu=0.

We are interested in the case where b is of class BV and it is nearly
incompressible. Assuming that the ambient space has dimension d = 2,
we prove uniqueness of weak solutions to the transport equation. The
starting point of the present work is the result which has been obtained
in [7] (where the steady case is treated). Our proof is based on split-
ting the equation onto a suitable partition of the plane: this technique
was introduced in [3], using the results on the structure of level sets of
Lipschitz maps obtained in [1]. Furthermore, in order to construct the
partition, we use Ambrosio’s superposition principle [4].
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1. INTRODUCTION AND NOTATION
In this paper we consider the continuity equation
Oru + div(ub) =0 (1.1)
and the transport equation
Ou+b-Vu =0, (1.2)

for a scalar field u: I x R? — R (where I = (0,7, T > 0) with a vector field
b: I x R — R?. We study the initial value problems for these equations
with the same initial condition

u(0,-) =u(-), (1.3)

where %: R? — R is a given scalar field.
Our aim is to investigate uniqueness of weak solutions to (1.1), (1.3) (and
o (1.2), (1.3)) under weak regularity assumptions on the vector field b.
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When b € L%°(I x R?) then (1.1) is understood in the standard sense of
distributions: u € L>®(I x RY) is called a weak solution of the continuity
equation if (1.1) holds in 2'(I x R%). One can prove (see e.g. [12]) that, if u
is a weak solution of (1.1), then there exists a map @ € L>([0, T] x R?) such
that u(t,) = u(t,-) for a.e. t € [ and t — u(t,-) is weakly* continuous from
[0, 7] into L>(R%). This allows us to prescribe an initial condition (1.3) for
a weak solution u of the continuity equation in the following sense: we say
that «(0,-) = u(-) holds if w(0,-) = u(-).

Definition of weak solutions of the transport equation (1.2) is slightly
more delicate. If the divergence of b is absolutely continuous with respect
to the Lebesgue measure then (1.2) can be written as

Owu + div(ub) —udivb =0,

and the latter equation can be understood in the sense of distributions (see
e.g. [13] for the details). We are interested in the case when divb is not
absolutely continuous. In this case the notion of weak solution of (1.2) can
be defined for the class of nearly incompressible vector fields.

Definition 1.1. A bounded, locally integrable vector field b: I x R? — R?
is called nearly incompressible if there exists a function p: I x Q2 — R (called
density of b) such that In(p) € L*°(I x Q) and

Op + div(pb) =0 in 2'(I x Q). (1.4)

Nearly incompressible vector fields were introduced in connection with
the hyperbolic conservation laws, namely, the Keyfitz-Kranzer system [16].
See e.g. [12] for the details. Using mollification one can prove that if divb €
L>®(I x R?) then b is nearly incompressible. The converse implication does
not hold, so near incompressibility can be considered as a weaker version of
the assumption divb € L>®(I x R%).

Definition 1.2. Let b be a nearly incompressible vector field with density
p. We say that a function v € L>®(I x R?) is a (p-)weak solution of (1.2) if

(pu)s +div(pub) =0 in 2'(I x R?).

Thanks to Definition 1.2 one can prescribe the initial condition for a p—
weak solution of the transport equation similarly to the case of the continuity
equation, which we mentioned above (see [12] for the details).

Ezistence of weak solutions to initial value problem for transport equa-
tion with a nearly incompressible vector field can be proved by a standard
regularization argument [12]. The problem of uniqueness of weak solutions
is much more delicate. The theory of uniqueness in the non-smooth frame-
work has started with the seminal paper of R.J. DiPerna and P.-L. Lions
[13] where uniqueness was obtained as a corollary of so-called renormal-
ization property for the vector fields with Sobolev regularity. Thanks to
Definition 1.2 the renormalization property can be defined also for nearly
incompressible vector fields:

Definition 1.3. We say that a nearly incompressible vector field b with
density p has the renormalization property if for every p—weak solution u €



RENORMALIZATION FOR NEARLY INCOMPRESSIBLE BV VECTOR FIELDS 3

L>®(I x R?) of (1.2) and any function 8 € C1(R) the function 8(u) also is a
p-weak solution of (1.2), i.e. it satisfies

O (pB(w)) +div (pB(u)b) =0 in Z'(I x R?).

Nearly incompressible vector fields are related to a conjecture, made by
A. Bressan in [10]. In particular, it has been proved in [5] that Bressan’s
conjecture would follow from the following one:

Conjecture 1.4. Any bounded, nearly incompressible vector field b € BV, (R X
RY) has the renormalization property in the sense of Definition 1.3.

The renormalization property can also be generalized for the systems of
transport equations. Moreover, if n is another density of the nearly in-
compressible vector field b and b has the renormalization property with the
density p, then any p—weak solution of (1.2) is also an n—weak solution and
vice versa. In other words, the property of being a p—weak solution does not
depend on the choice of the density p provided that renormalization holds.
We refer to [12] for the details.

If the functions p, u and b were smooth, renormalization property would
be an easy corollary of the chain rule. Out of the smooth setting, the validity
of this property is a key step to get uniqueness of weak solutions. Indeed,
if we for simplicity consider T% instead of R?, then integrating the equation
above over the torus we get

Oy /1rd pB(u) dr = 0.

So if 4 = 0 then for B(y) = 3> we get

/ p(t, )u?(t,z)dz =0
Td

for a.e. ¢ which implies u(t,-) = 0 for a.e. t.

The problem of uniqueness of solutions is thus shifted to prove the renor-
malization property for b: in [13] the authors proved that renormalization
property holds under Sobolev regularity assumptions; some years later, L.
Ambrosio [4] improved this result, showing that renormalization holds for
vector fields which are of class BV (locally in space) and have absolutely
continuous divergence.

Another approach giving explicit compactness estimates has been introduced
n [11], and further developed in [9, 15]: see also the references therein.

In the two dimensional autonomous case the problem of uniqueness is
addressed in the papers [3], [1] and [7]. Indeed, in two dimensions and
for divergence-free autonomous vector fields, renormalization theorems are
available even under mild assumptions, because of the underlying Hamilton-
ian structure. In [3], the authors characterize the autonomous, divergence-
free vector fields b on the plane such that the Cauchy problem for the con-
tinuity equation (1.1) admits a unique bounded weak solution for every
bounded initial datum (1.3). The characterization they present relies on the
so called Weak Sard Property, which is a (weaker) measure theoretic ver-
sion of Sard’s Lemma. Since the problem admits a Hamiltonian potential,
uniqueness is proved following a strategy based on splitting the equation on
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the level sets of this function, reducing thus to a one-dimensional problem.
This approach requires a preliminary study on the structure of level sets of
Lipschitz maps defined on R?, which is carried out in the paper [1].
Finally, in [7] the steady nearly incompressible case is treated: these vector
fields constitute a proper subset of nearly incompressible ones but the re-
sults obtained in [7] are the starting points of this work. Furthermore, we
mention that the problem of renormalization is also related to the problem
of locality of divergence operator and to the chain rule problem (see again
7).

The main result of this paper is a partial answer to the Conjecture 1.4:

Main Theorem. FEvery bounded, autonomous, nearly incompressible BV
vector field on the two dimensional torus T? has the renormalization prop-
erty.

1.1. Structure of the paper. The proof of the Main Theorem can be
divided into two parts.

The first part (presented in Sections 2-5) is based on a local argument,
which is a generalization of the argument from the case when the density
p is steady [7]. In this case, since div(pb) = 0, there exists a Lipschitz
Hamiltonian H: T? — R such that

pb=V+H,
where V+ = (—0s,0;). This allows us to split an equation of the form
div(ub) = p, u: T? - R (1.5)

where 1 is a measure on T2, into a equivalent family of equations along the
level sets of H, similar to [7]. This is done in Section 3, where we also recall
the main results of [1, 3] and adapt them to our setting. In Section 5.3 we
establish so-called Weak Sard Property for the Hamiltonian H.

In the general nearly incompressible case it is not possible to construct the
Hamiltonian H directly as in the case of steady density. So in the second
part we reduce the problem to the steady case using the following argu-
ment. Suppose that a nonnegative bounded function g solves the continuity
equation

ot + div(eb) = 0,
t — o(t,-) is weak™ continuous and for some open set 2 and t1 9 € [0,7T] we
have o(t1,-) = o(te,-) = 0 a.e. on . Integrating the continuity equation
with respect to time on [t1, to] it is easy to see that

r(z):= /;2 o(t,z)dt

1

solves

div(rb) =0
in 2'(Q). Therefore in Q one can construct a local Hamiltonian Hg such
that

rb = V+Hyg
in Q. Then we are in a position to apply the results of the first part.

It is not obvious that a nontrivial function ¢ with the properties stated

above exists. Moreover, a single function of this kind can vanish on a large
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set and therefore may not provide all the required information. In this
paper we construct a countable family of the functions p from the (non-
steady) density p using Ambrosio’s superposition principle (Sections 2 and
2.2). We prove that the level sets of the corresponding local Hamiltonians
agree if they intersect, and cover the set

M¢:=T?\ M,

where M := {b = 0}. By “gluing” together these level sets in Sections
7 and 7.3 we construct a partition of M€ into an uncountable disjoint
family {Fy}qcon {400} Of simple (possibly closed) curves Fy, which can be
parametrized in a canonical way by the solutions of the ODE 4 = b(7y).

In Section 6 we prove that the divergence is local a sense that the measure
w in (1.5) vanishes on the set M (Proposition 6.2).

Finally, using locality of the divergence, we prove that either the curves
Fy, a # +0o0, are periodic or the domain of their canonical parametrization
is the whole real line (Section 8).

Using Disintegration Theorem we reduce the equation (1.5) to an equiv-
alent family of equations along the curves from the family {Fq}aean {+oo}s
(Proposition 9.6 of Section 9) and, passing to injective Lipschitz parametriza-
tions, we obtain a one-dimensional problem which can be solved explicitly,
concluding in Section 9.1 the proof of the Main Theorem (Theorem 9.8).

1.2. Notation. Throughout the paper, we use the following notation:

e (X,d) is a metric space;

e 1y is the characteristic function of the set £ C X, defined as
1g(z) =1if z € E and 1g(z) = 0 otherwise;

e dist(z, E) is the distance of x from the set E, defined as the infimum
of d(z,y) as y varies in E;

o dist(E, Ep) is the distance between the sets Ey and Es, defined as
the infimum of the distances d(z1,x2), for all z; € Ey, x9 € E»;

e () denotes in general an open set in R%;

e B(z,r) or, equivalently, B,(z) is the open ball in R? with radius r
and centre x; B(r) is the open ball in R? with radius r and centre 0;

e {. fdu denotes the average of the function f over the set E with
respect to the positive measure u, that is

]éfd“::M(lE)/Efd“’

e |y is the total variation of a measure p;

e 158 the singular component of u with respect to the Lebesgue mea-
sure;

o #%is the Lebesgue measure on R? and 7 is the k-dimensional
Hausdorff measure;

e Lip(X) is the space of real-valued Lipschitz functions; Lip.(X) is the
space of real-valued compactly supported Lipschitz functions;

o (U2°(Q) is the space of smooth compactly supported functions, also
called test functions;

e BV(Q) set of functions with bounded variation;

e 7'(Q) is the space of distributions on the open set €;
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T? = R?/22 is the two dimensional torus;

I':= ([0, T); T?) will denote the set of continuous curves in T?;
I'i={y €T :q(t) =~(0), vt € [0, T}

r:=Tr\TI;

er: T — T2 is the evaluation map at time t, i.e. e;(y) = y(t).

Moreover, if A C T? is a measurable set,
e Iy:={yel : LY{te[0,T]:~(t) € A}) > 0};
° fA = fﬂ T'4;

e I'y:=T'nNT4y4.

o for every s € [0, 7], we set

I ={yeTl:v(s) € A4},

Iy i={yel:q(s) € 4f,

I3 = {Vef: ’y(s)eA}.
If E C R?, we denote by

Conn(FE) := {C C E : C is a connected component of E},

Conn*(E) := {C’ € Conn(E) : 1 (C) > O},

and
E* = U C.
CeConn*(E)
When the measure is not specified, it is assumed to be the Lebesgue
measure, and we often write
[ f@ys

for the integral of f with respect to .Z<.

Let u be a Radon measure on a metric space X. Let Y be a metric space
Y and a let f: X — Y be a Borel function. We denote by fuu the image
measure of p under the map f. In particular, for any ¢ € C.(Y) we have

/ﬂnmm@=/¢@ammw
X Y

Let v be a Radon measure on Y such that fu|u| < v. According to
the Disintegration Theorem (Theorem 2.28 of [6] or for the most general
statement Section 452 of [14]) there exists a unique measurable family of
Radon measures {1,}ycy such that for v-a.e. y € Y the measure p, is
concentrated on the level set f~!(y) and

= /My dv(y),
y
that is, for any ¢ € C.(X)

[ et@rin) = [ ([ ewdu@) aw.

The family {uy}ycy is called the disintegration of p with respect to f (and
v).
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2. SETTING OF THE PROBLEM

2.1. Ambrosio’s Superposition Principle. In [4], L. Ambrosio proved
the Superposition Principle. Since we will use it later on in this section, we
present here the statement. Let us consider the continuity equation in the
form

{8#1'15 —tle(b,U,t) = 07 (21)

Ko = K,
where [0,T] > t + 1 is a measure valued function and b: [0,7] x R? — R?
is a bounded, Borel vector field. A solution to (2.1) has to be understood
in distributional sense.
We have the following

Theorem 2.1 (Superposition Principle). Let b: [0,7] x R — R? be a
bounded, Borel vector field and let [0,T] > t — . be a positive, locally
finite, measure-valued solution of the continuity equation (2.1). Then there
exists a family of probability measures {ny},cpa on I’ such that

,U/t_/et#nxdﬂ(x)v

for any t € (0,T) and (e9)yns = 65. Moreover, ny is concentrated on
absolutely continuous integral solutions of the ODE starting from x, for Q-
a.e. x € RY.

2.2. Partition and curves. Let b: T2 — R? be an autonomous, nearly
incompressible vector field, with b € BV(T?) N L>(T?); we assume b is
defined everywhere and Borel. Let us consider the countable covering % of
T? given by
B = {B(x,r) cxeQire Q+}.

For each ball B € %, we are interested to the trajectories of b which cross
B, staying inside B for a positive amount of time. We therefore define the
following sets:

t
Tp = {’y eTp: y(t) =~(0) +/0 b(vy())dr, v(0) & B,v(T) ¢ B} :

where we have set
I'p:= {’y el: ZY{te(0,T]:~(t) € B}) > 0}.
Remark 2.2. It is fairly easy to see that
U 75 =T.
Be#

Indeed, for every curve which is moving there exists a point y(t) # v(0), v(T),
so that one has just to choose a ball in % containing () but not v(0), (7).

By Definition 1.1, there exists a function p: [0, 7] x T? — R which satis-
fies continuity equation (1.4) in 2'((0,T) x T?). Therefore, by Ambrosio’s
Superposition Principle 2.1, there exists a measure 7 on I', concentrated on
the set of trajectories of b, such that

p(t, ) L% = (er)yn, (2.2)
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where we recall that e;: T' — T2 is the evaluation map ~ ~ v(t). For a fixed
ball B € %, we consider the measure np := nL Ty and we define pp by
pB(t, ) L% = (€t)#?73- Then we set

T
rp(z) = /0 pB(t, x)dt, r € B. (2.3)

Lemma 2.3. It holds div(rgb) = 0 in 9'(B).

Proof. For any ¢ € C2°(B) we have
T
/Ber(a:) -Vo(x)de = /B/O pa(t,z)b(x) - Vo(x)dt dz
T
= [ [ s Fera) s a

T
- / / 5(8) - (V) (1(t)) dns dt
0 Tg

Trod
- /0 /TB —00(2)) dnps dt

= [ [otrm) = ot3(0))] dns = 0.
Tg

because for np-a.e. v € Tp, v(0) ¢ B, v(T') ¢ B. O

3. RECENT RESULTS FOR UNIQUENESS IN THE TWO DIMENSIONAL CASE

We recall here some facts about uniqueness of bounded solutions for the
continuity equation in the two dimensional case, following in particular [1, 3].

3.1. Structure of level sets of Lipschitz functions. Let Q C R? be a
bounded, open set and let f: 2 — R be a Lipschitz function. For any r € R,
we denote by E, := f~1(r) the corresponding level set.

Theorem 3.1 ([1, Thm. 2.5]). Suppose that f: Q — R is a compactly
supported Lipschitz function. For any r € R, let E, := f~'(r). Then the
following statements hold for £'-a.e. r € H(Q):

(1) #Y(E,) < 0o and E, is countable 7" -rectifiable;

(2) for A#1-a.e. x € E, the function f is differentiable at x with
V f(z) #0;

(3) Conn*(E,) is countable and every C € Conn*(E,) is a closed simple
curve;

(4) #V(E,\ Ef) = 0.

For brevity, we will say that the level set E, is reqular with respect to
Q if it satisfies conditions (1)-(2)-(3)-(4) (or it is empty). In this way, the
theorem above can be stated by saying that for a.e. r € R the level sets E,
are regular with respect to Q.
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3.2. Disintegration of Lebesgue measure with respect to Hamil-
tonians. From Lemma 2.3 we have div(rb) = 0 in B; since B is simply
connected, there exists a Lipschitz potential Hp: B — R such that

V1 Hg(z) = rp(z)b(z), for £?-a.e. x € B.

Using Theorem 3.1 on the Lipschitz function Hp, we can define the negligible
set Ny such that E}, is regular in B whenever h ¢ Nj; moreover, let Ny denote
the negligible set on which the measure ((Hp)x-2?)*™8 is concentrated,
where ((Hp)x-2?)*8 is the singular part of ((Hp)x-%?) with respect to
£1. Then we set

N := N1 UNy and E = UhgéNE;; (31)

Therefore we can associate to B a triple (Hp, N, E). For any z € E let C,,
denote the connected component of F such that x € C,. By definition of
FE for any x € E the corresponding connected component C, has strictly
positive length.

Let us fix an arbitrary ball B € 4. For brevity let H denote the corre-
sponding Hamiltonian Hpg.

Lemma 3.2 ([3, Lemma 2.8]). There exist Borel families of measures oy, kp,
h € R, such that

2L B= / (en?' L By + o) dh+/nhdg(h), (3.2)

where
(1) e, € LY (AL E}), cp, > 0 a.e.; moreover, by Coarea formula, we
have ¢, = 1/|VH| a.e. (w.r.t. 'L E});
(2) oy, is concentrated on E; N {VH = 0};
(3) K, is concentrated on E; N{VH = 0};
(4) ¢ == HypL? (B\ E*) is concentrated on N (hence ¢ L £1).

Remark 3.3. Using Coarea formula, we can show
AV E,N{VH =0})=0
for #1-a.e. h ¢ N. Therefore oy, L #* for £'-a.e. h ¢ N.

Remark 3.4. Thanks to (3.2) we always can add to N, if necessary, an £*-
negligible set so that for any h ¢ N for #'-a.e. x € E} we have r(z) > 0,
b(z) # 0 and r(2)b(x) = V- H(z).

Remark 3.5. The measure o}, is actually concentrated on E,N{b # 0,rp =
0}. This can be proved using minor modifications of the proof of [7, Theorem
8.2]: indeed, we have that, being b of class BV and hence approximately
differentiable a.e., H#.i”zl_{b =0} L .2 by comparing two disintegrations
of #?L {b= 0} we conclude that o}, is concentrated on {b # 0} for a.e. h.

3.3. Reduction of the equation on the level sets. Our goal is now to
study the equation div(ub) = i, where u is a bounded Borel function on T?
and 4 is a Radon measure on T2, inside a ball from the collection 4.

Lemma 3.6. Suppose that p1 is a Radon measure on T? and u € L>(T?).
Then equation
div(ub) = u (3.3)
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holds in 2'(B) if and only if:
e the disintegration of u with respect to H has the form

p= [ [ v acon, (3.4)
where ¢ is defined in Point (4) of Lemma 3.2;
o for L-a.e. h
div (uchbffl L Eh) + div(ubop) = pp; (3.5)
e for (-a.e. h
div(ubkp) = vp. (3.6)

Proof. Let A* be a measure on R such that Hy|u| < £ + ¢ + A%, where ¢
is defined as in Lemma 3.2 and A* L £ + (. Applying the Disintegration
Theorem, we have that

. / sndh + / vndc(h) + / And\S(h), (3.7)

with pp, v, A\p concentrated on {H = h}. Writing equation (3.3) in distri-
bution form we get

/ u(b- Vo) d:c+/gz5du:0, Vo € C(B).
T2

By an elementary approximation argument, it is clear that we can use as
test functions ¢ Lipschitz with compact support.

Using the disintegration of Lebesgue measure (3.2) and the disintegration
(3.7) we thus obtain

/ [ / ucy(b- Vo) d#A" L Ey, + / (b-chﬁ)dah] dh

// (b- V) dry, d¢(h // & dpy, dh (3.8)
// ¢ dvy dC(h // ddN, dX*(h) =

for every ¢ € Lip.(B). In particular we can take

¢ =¢(H(x))p(x), ¢ eCP(R), pcCT(B),

so that we can rewrite (3.8) as

/w U uc (b - Vgo)d%ll_Eth/ u(b - w)dah)dh

+ o / (v T din dc(h) + [ w( /deuhdh
w o) [ eandcmy+ o) [ eanan =o,

b- Vo =p(H(x))b- Vo(z)

because

for L2%-a.e. x € T2
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Since the equalities above hold for all ¢ € C*°(R) we have
/ [/ ucy(b- Vo) d#' L E), +/ u(b- Vo) dah] dh+// @ dup dh =0,
T2 T2 T2
[ uo-Tordu+ [ o) acm ~o.
T2 T2
// o dAp AN (h) = 0,
T2

which give, respectively, (3.5), (3.6) and (3.4).
U

3.4. Reduction on connected components of level sets. If K C R? is
a compact then, in general, not any connected component C of K can be
separated from K \ C' by a smooth function. However, it can be separated
by a sequence of such functions:

Lemma 3.7 ([1, Section 2.8]). If K C R? is compact then for any connected
component C of K there exists a sequence (¢p)nen C C°(R?) such that
(1) 0< ¢, <1 onR? and ¢, € {0,1} on K for all n € N;
(2) for any x € C, we have ¢,(x) =1 for every n € N;
(8) for any x € K \ C, we have ¢,(x) — 0 as n — 400;
(4) for any n € N, we have supp Vo, N K = ().

With the aid of this lemma we can now study the equation (3.5) on the
nontrivial connected components of the level sets. In view of Lemma 3.6 in
what follows we always assume that h ¢ N (see (3.1)).

Lemma 3.8. The equation (3.5) holds iff

e for any nontrivial connected component C of E} it holds
div (uchbjfl I_C’) + div(ubop, L C) = pp, - C; (3.9)
o it holds
div(uboy, L (En \ E})) = pn L (En \ Ep). (3.10)

Proof. For any Borel set A C T? we introduce the following functional

Aa() ::/Auch(b'V@b)dffll_Eh—i—/u(b-Vz/J)dah—l-/Awd,uh,

A
for all ¢ € C°(B).

Now fix a connected component C of E} and take a sequence of functions
(én)nen given by Lemma 3.7 (applied with K := FEj). By assumption, we
have that A(¢¢,) = 0 for every ¢ € C2°(B) and for every n. Let us pass to
the limit as n — oo.

On one hand we have

/wqbnduh=/Owdu+/Eh\Cw¢ndu%/Owdu

because the second term converges to 0 since ¢, — 0 pointwise on E}, \ C.
On the other hand V(¢¢,) = ¥V, + ¢,Vib. In the terms with ¢, Vi)
we pass to the limit as above. The terms with the product ¥V ¢,, identically
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vanish thanks to the condition (4) on ¢, in Lemma 3.7. Therefore, we have
that for every ¢ € C°(B)

A, (bbn) — /C wen(b- V) dA" + /C u(b- V) doy + /C dun = Ao (1),

as n — +oo. Since Ag, (Y¢,) = 0 for every n, we deduce that Ac()) =0
and this gives (3.9).

In order to get (3.10), it is enough to observe that E} is a countable
union of connected component C, therefore (from the previous step) we
deduce that

/E wen(b- V) dA + /

E
Hence

AEh\E; = / ’LLCh(bV’(/J) d%l‘f'/
E;\E), E\Ep

u(b- V) dah+/ dpp =0, Vi e C(B).
E}

* *
h h

u(b-Vb) dah—f—/ Y duy, =0,
ER\En

for every ¢ € C2°(B). Remembering that s (E} \ E;) = 0 by Theorem

3.1 we get (3.10) and this concludes the proof.

The converse implication can be easily obtained by summing the equations
(3.9) and (3.10). O

Lemma 3.9. Equation (3.9) holds iff
div (uchwfl L c) — L C, (3.11a)
div(ubop, L C) = 0. (3.11b)

The proof would be fairly easy in the case ~ is straight line: roughly
speaking, oy, is concentrated on a .#!-negligible set S, and the set of C'-
functions which have 0-derivative on S is dense in C? in the set of Lipschitz
functions. The only technicality here is to repeat this argument on a curve.
Before presenting the formal proof of Lemma 3.9 we would like to discuss
the parametric version of the equation (3.11a).

Let v: I — T? be an injective Lipschitz parametrization of C, where
I = Rliz or I = (0,¢) for some ¢ > 0 is the domain of . In view of
Remark 3.4) we can assume that the directions of b and V*H agree J#'-
a.e. on C. So there exists a constant @ € {+1,—1} such that

b(y(s) _ _ '(s)
[b((s))] v ()l
for a.e. s € I. We will say that v is an admissible parametrization of

C if w = 41. In the rest of the text we will consider only admissible
parametrizations of the connected components C'.

(3.12)

Lemma 3.10. Equation (3.11a) holds iff for any admissible parametrization
v of C

s (aenlb]) = fun (3.13)
where yufip = pp - C, 4 =uo~y, é, =cpo7y and b = bon.

In the proof of Lemma 3.10 we will use the following result:
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Lemma 3.11 ([1, Section 7]). Let a € L'(I) and p a Radon measure on
I, where I = R/ez, or I = (0,£) for some £ > 0. Suppose that v: I — Q is
an injective Lipschitz function such that v # 0 a.e. on I and v(0,¢) C Q.
Consider the functional

A(9) := /I¢’adt+/lgbd,u, V¢ € Lip,.(I).

If A(p o) =0 for any ¢ € C(2) then A(¢) =0 for any ¢ € Lip.(I).

Proof of Lemma 3.10. Let us recall a corollary from Area formula: if v: [ —
T? is an injective Lipschitz parametrization of C' then

HC =y (12"

Using this formula the distributional version of (3.11a),

l/qwﬂ»vw¢%ﬂLCﬁ+/ﬂmmh:0, Vo € C(B),
C C
can be written as

/@W@WM%$%W®D%V@W@MV@W%+A¢W@WMM$=0

I
where iy, is defined by fiy, := (7_1)# L
Using (3.12) we can write the equation above as

/@wwWMwﬁw%MVWW®mMW$W%+L¢WSWMM@—&

I
which reads as
[ﬁw&mﬂw@mmw@mmw@wm+ﬁ¢w@WMM@=a

Since the equation above holds for any ¢ € C2°(B) it remains to apply
Lemma 3.11. 0

Proof of Lemma 3.9. Let us write Ac(¢) = M(¢p) + N(¢), where

MW:KQMhWM%H%ﬁwh
and
N = b-Vod
(¢) /CU ¢doy,

for every ¢ € C°(B).

Fix a test function ¢: the idea of the proof is to “perturb” ¢ in such a way
that N(¢) becomes arbitrary small and M (¢) remains almost unchanged.
Since A(¢) = 0 we will obtain that |M(¢)| < € and this will imply that
M(6) = N(@) = 0.

By Remark 3.3, we have o5, L 7' L C therefore there exists a .7#'-
negligible set S C C such that oj is concentrated on S. Moreover, by inner
regularity, for every n € N, we can find a compact K C S such that

JMS\K)<%.
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Using the fact that J#1(K) = 0, for every n € N, we can find countably
many open balls { B, (z;)}jen which cover K and whose radii r; satisfy

Y o< !
j T .
jEN n
Furthermore, by compactness, we can extract from {B,;(z;)}ien a finite
subcovering, {B;;(z;)} with j = 1,...,v where v = v(n) € N (we stress
that v depends on n). ‘

For every j € {1,...,v}, let P/ denote the projection of By, (z) onto
the z;-axis, with i = 1,2. We have P/ is an open interval and therefore we
can find a smooth function ¢! : R — R such that

0 tepPlm™

e = {1 dist(&, OP™) > 2,

and 0 < 1/15" < 1 for every ¢ € R. Now we consider the product 17" :=
PP"pd™ - 4pI and we define the functions x/": R — R as

. I
W(E) = /0 7 (w) duw

for j = 1,2 and n € N. Now we set x"(z) := (x""(x),x*>"(z)) and ¢, :=
¢ox". Since ||x" —id|jec <4 ;1 < % we deduce that ¢, — ¢ uniformly
in C because

|0n(z) = ¢(2)] < [VOlloollX™ —idl[cc =0

as n — +00.

Let us now take an admissible parametrization of C, v: I — R, and let
us introduce the functions gZA)n := ¢, 0. Using for instance the density of C*
functions in L'(I), we can actually show that Dshn —* Dy in weak* topology
of L*°. Passing to the parametrization as in the proof of Lemma 3.10 we
get

/ ucy(b- V) dat = / aénb Oy ds,
C I

where we denote by * the composition with ~.
Using weak* convergence, we obtain that

/ ucy(b- Vo) dA" — / ucy(b- Vo) dia.
C C

On the other hand, by uniform convergence, we immediately get

/¢nduh—>/¢duh,

as n — +o0o. In particular, we have that M (¢,) — M(¢).
Now observe that V¢, = 0 on K by construction, hence we get

N < [ \

and this implies that N(¢) = 0. Therefore, 0 = A(¢p) = M(¢), which
concludes the proof. O

1
|ubl[Vén|dop < [|ubl|cc|| V]lco— — 0
K n
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We note, in particular, that from (3.11b), being b € BV and taking u = 1
n (3.3), we have that div(boy L Ep) = 0 for a.e. h.

Let
F:={b#0,rg=0}NE. (3.14)
By Remark 3.5, oj, is concentrated on F'N Ep hence we have
div(1gboy) = 0, for Z1-a.e. h. (3.15)

This important piece of information is very useful to prove the following
Lemma 3.12. We have div(1gb) =0 in 2'(B).

Proof. For every test function ¢ € C°(B), we have

Jo@votaniz= [ [ (@) V9(@) dor )

Using Remark 3.5 and (3.15), we get that

/ (b(z) V() don(z) = 0
FNE},
and then we conclude. O

4. LEVEL SETS AND TRAJECTORIES

In this section, we assume that Hp is defined on all T? (using standard
theorems for the extension of Lipschitz maps).

4.1. Trajectories. We now present some lemmas which relate the trajec-
tories v € Tp to the level sets of the Hamiltonian. The first result we prove
is that n-a.e. v is contained in a level set.

Lemma 4.1. Let B € A, t1,t2 € [0,T] and set T := {y:v((t1,t2)) C B}.
Then n-a.e. v € T we have (t1,t2) 3t — H(y(t)) is a constant function.

Proof. Let (). be the standard family of convolution kernels in R2. We
set He(z) := H * p.(z) for any = € B.
For every t € [t1,t2] define

/ H (1)) — H((0))]dn()

and we will prove I = 0.
First note that I is positive because the integrand is non-negative and 7
is positive. On the other hand,

o< [ 16 O)ldn() + [ 1H((0) = H3(0)) i)

+ / HL(7(0)) — H(~(0))|dn(~).
i

Now for a.e. = € T? we have H_(x) : hence

/ H.(+(t) — H(v(1)| d(y / H.(x) — H(@)|p(t, 2)de — 0
]
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as € = 0. Therefore, we can infer that
IT — 0, IS =0

as e | 0.
Let us study I5. We have

() < /T [ 10.-((5)) dsdn(a)

_ / / VH:(7(s)) - b(y(s))| ds dn ()

= [ [ w8 @ atetn T @) as
t1

/ /|VH x)|pr(t, ) dx ds

/\VH x)|rr(z) de — / \VH(z) - b(z)|rr(z)dx =0
where we have used VH.(x) — VH(x) for a.e. z. In the end, we have that
I5 — 0 as € | 0 and this concludes the proof. O

We now show that Lemma 4.1 can be improved, showing indeed that
np-a.e. 7y is contained in a regular level set of H.

Lemma 4.2. Up to a np negligible set, the image of every v € Tp is
contained in a connected component of a regular level set of Hp.

Proof. Using Lemma 4.1, we remove np-negligible set of trajectories along
which Hp is not constant. Set E¢:= B\ E and consider the set

P :={yeTp:~v((0,T))NB C E°}.

It is enough to show that 1n(2?) = 0: this means that for n-a.e. v the image
v(0,T) is not contained in the complement of E and thus we must have (in
the ball) v(0,7) C E for n-a.e. v € Tp (this follows remembering that a.e.
7y is contained in a level set).

By Coarea formula, |VH|.Z?|_ E¢ =0, i.e.

/nEc(:ﬁ)wH(xn dz = 0.

Since VH = rgb* in B and rg > 0 (since pg > 0), we have
O:/]lEc(:c)|rB(x)b(az)]dx
= / Lge(z)rp(x)|b(x)| dz

T
:// e () pis(t, ) |b(x)]| da dt.

Using (2.2) we have

o_/ /nEc ()] dn(y //Ib )| dn() dt
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which implies (by Fubini) that for n-a.e. v € & we have

T
/0 Ib(y()] dt = 0.

This gives |b(y(t))| = 0 for a.e. ¢t € [0,T] and this contradicts the definition
of Tp. Hence n(Z?) = 0. O

5. MATCHING PROPERTY AND WEAK SARD PROPERTY OF
HAMILTONIANS

5.1. Matching properties I. As we have seen at the beginning of Section
3.2, to every Hamiltonian H we can associate a triple (H, N, E') where N is
the set given by Theorem 3.1 and £ = Upgny Ej.

Suppose now we have another triple (fI N ,E); we ask whether, given
r € ENE it is true that C, = CN‘x This is essentially the definition of
matching property; moreover, we will prove the “Matching Lemma”, which
states that gradients of H and H being parallel (in a simply connected set)
is a sufficient condition for matching.

5.2. Matching of two Hamiltonians. Let us consider two Lipschitz Hamil-
tonians H; and Hs, defined on the same simply connected set A; according

to Theorem 3.1, we have two negligible sets N1 and Ny such that the level

sets E}L and E,QL, of Hy and Hj are regular for h ¢ Ny and h' ¢ No. We set

FEi = Uh¢N1E}1L and Ey := Uhl%NQE]?L/.

Definition 5.1. The Hamiltonians H; and Hy match in an open subset
A C Aif CL = C? for L%ae. z € A'N Ey N Ey, where C? denotes the
connected component in A’ of the level sets H; '(H;(z)) which contains z.

We now state and prove the following

Lemma 5.2 (Matching lemma). Let Hy, Hy be defined as above. If VH; ||
VHy a.e. on A’ C A open, then the Hamiltonians Hy and Hy match in A’.

Proof. Let by := V- H;. Then divb; = 0. Let us prove that
div(Hab1) =0 (5.1)

in the sense of distributions. Indeed, we have for every ¢ € Lip,(A’)

The first term is zero because divb; = 0 (and @Hy can be used as test
function since it is Lipschitz); the second term is also zero because VHy ||
VH; a.e. on A’, hence by L. VHs a.e. on E.

From (5.1), using [7, Theorem 4.1 and 6.1], we obtain that there exists a
£ negligible set N such that Hy is constant on every non trivial connected
components C'N A’ of the level sets of H; which do not correspond to values
in N. By disintegration, we have that the sets of points x € A’ N Ey such
that Hi(z) ¢ N are a negligible set and therefore we can infer that for a.e.
x € A'NE;, Hy is constant along the connected components in A’ of the level
sets of Hy. By repeating the same argument for Hs we get the claim. O
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5.3. The Weak Sard property. Let f: R? — R be a Lipschitz function
and let S be the critical set of f, defined as the set of all z € R? where f is
not differentiable or V f(z) = 0. We are interested in the following property:

the push-forward according to f of the restriction of L2 to S is singular
with respect to L1, that is

o (£7LS) L2

This property clearly implies the following Weak Sard Property, which is
used in [3, Section 2.13]:

fo (LPL(SNEY) L2,

where the set E* is the union of all connected components with positive
length of all level sets of f. We point out that the relevance of the Weak
Sard Property in the framework of transport and continuity equation is
explained is [3, Theorem 4.7].

Now we give the following

Definition 5.3. We set
rg:=1p+ 1F,
where we recall that rp is the function defined in (2.3) and F' is the set
defined in (3.14).
By linearity of divergence, by Lemma 2.3 and Lemma 3.12, we have
div(rgb) =0

in 2'(B). Therefore, we conclude that there exists a Lipschitz potential H
such that VH* = 7pb.

Moreover, we observe that VH || VH a.e. in B: therefore we can apply
Matching Lemma 5.2 to get that the regular level sets of H and of H agree.
In particular, we obtain £ = E mod .22, directly from the definition of
H. We note also that the function H has the Weak Sard property: indeed,
directly from the construction, we have VH # 0 on E hence, since E = F
mod .#2, it follows that XQ(E NnS)=0.

Finally, disintegrating .#? L E with respect to H we get

L’LE = /(ch,;fl L Ey + op,) dh,
R
while using the Hamiltonian H
L?LE = / e L Ey dh.
R

In particular, it follows that o = 0 for a.e. h, which means that H = H
(up to additive constants) and H has the Weak Sard Property.
We collect this result in the following

Lemma 5.4. The Hamiltonian Hp has the weak Sard property.
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6. LOCALITY OF THE DIVERGENCE

In this section we prove that the if div(ub) is a measure, then it is 0 on
the set

M = {1: € T? : b(z) = 0, z € Dy and V*PP"h(z) = O}, (6.1)

where Dy is the set of approximate differentiability points and V@#PP'h is
the approximate differential, according to Definition [6, Def. 3.70]. For
shortness, we will call this property locality of the divergence.

Remark 6.1. We remark that M = {b = 0} mod .£?. This can be proved
using the following result (see [2, Prop. 4.2]): a bounded, Borel vector
field F': R? — R? whose divergence and curl are measures is approximately
differentiable a.e.. Furthermore, using locality property stated in [6, Prop.
3.73 - Rem. 3.93], we have that at every Lebesgue point = of the set {b = 0}
at which b is approximate differentiable we also have V*PP'h(z) = 0.

The main result of this section is the following

Proposition 6.2. Let u € L>®(R?) and suppose that div(ub) = X in the
sense of distributions, where \ is a Radon measure on R%. Then |\|LM = 0.

The proof is based on Besicovitch-Vitali covering Lemma ([6, Thm. 2.19])
and uses some basic facts about the trace properties of L*° vector fields
whose divergence is a measure (we refer to [12]). In particular, we recall the
following Theorem (for the proof, see [12, Prop 7.10]):

Theorem 6.3 (Fubini’s Theorem for traces). Let Q C R? be an open set and
Be LfOOC(Q,Rd) be a vector field whose distributional divergence div B =:

is a Radon measure with locally finite variation in 2. Let F € C*(Q). Then
for a.e. t € R we have

Tr(B,O{F >t})=B-v AT ae on QN {F >t} (6.2)
where v denotes the exterior unit normal to {F > t} and the distribution
Tr(B,08Y) is defined by

(Tr(B,0Y),¢) := | ¢du+ | Vé-Bdx, Vo € C ().

ol 0%

for every open subset ' C Q with C' boundary.
Furthermore, we will use the following elementary

Lemma 6.4. Let G: R? — R be a bounded, Borel function. For everyr > 0
there exists a set of positive measure of real numbers s = s(r) € [r,2r] such

that

/ G(a)| d™ N (x) < / Gy)|dy.
9By () T J By,

We can now prove Proposition 6.2.

Proof. Let S C M be an arbitrary bounded subset. By regularity of A, there
exists an open set O D S such that |A\[(O\ S) < . Hence, for any z € S
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there exists p, such that B(z,r) C O for every r < p,, which means that
the covering

F = {B(z,r):z € S,r < py}

is a fine covering of S. Moreover, taking only balls B(z,r) whose radii r
satisfy (6.2) with F(-) := |- |?, we still have a fine covering of S.

Hence we can apply Besicovitch-Vitali covering Lemma ([6, Thm. 2.19]):
there exists a disjoint (countable) family .#" := {B; }ien such that

|\ (S\UBi> = 0.
On the other hand, since |J; B; C O by construction, we have

Let now x € M be arbitrarly fixed. We write for brevity B, = B,(x); by
(6.2) with F(-) := |- |2, we get

/ ub - vd# 1
0B,

From Lemma 6.4, we have

A(By)| = <C |b|dod

0B,

cf plawit < C/ b(z)|dz = o(r?)
8Br T BQT

because, by definition of M, we have f5 [b] = o(r) for every x € M. There-
fore, we can conclude

IN(B,)| = o(r?). (6.3)
Using (6.3), we have

A (U Bi> =Y A(B;) = o(1).£? (U Bi> .
Hence
A(S) = A <UBZ-> -2 (UBi \ S) —0
as 7 J 0 and this gives that AL M = 0. O

6.1. Comparison between .#? and 1. We present here two general lem-
mas which relate the Lebesgue measure .22 and the measure 1 and are based
on nearly incompressibility of the vector field b.

Lemma 6.5. Let A C T? be a measurable set. Then £*(A) = 0 if and only
if n(T"'a) = 0 where

Pa={yeT: L{t0,T]:1(t) € A}) > 0}.
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Proof. Let us prove first that £?(A4) = mplies n(fa) = 0. We de-
note by pa the density such that pa(t,-)L* = ety (nLT4) and ra(z) :=

fo pA(t,x)dt. We have, using Fubini,

0:.,2”2()—7“,4.,2”2 //]1,4 )pa(t,x)dxdt

/ /nA +) dt
// 14((8)) dt dn(~)
/F/ 14(4(8)) dt dn(~)

=/ L' {t €0, : ~(t) € A}) dn(y),

hence, Z1({t € [0,T] : v(t) € A}) =0 for n-a.e. v € L4.
For the opposite direction, using that p is uniformly bounded from below

by 1/C, we get
T I
C/ A(z) dz C/o / Alz) dz dt

/ /ﬂA plt,x) de dt
_ / / La(y()) dn() dt
/ / La(y(1)) dt dn(7)
/FA / La(y() dt dn(7)

= L {t e [0,T]: ~(t) € A}) dn(v) = 0. O

Lemma 6.6. We have £*(A) = 0 if and only if n(T'S) = 0 for every
s €10,T).

Proof. For direct implication
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For the opposite direction,

—32 0/11,4

< / La(x)p(s,z)dz
- /F La(y(s)) dn(7)
— [ tatr(e)) dn2) =nxs) =

A

We now recall the set M, defined in (6.1) as
M := {:c € T? : b(z) = 0, x € Dy and V*PP"h(z) = o},
and we consider the sets
f‘M = f‘ Ny
and
S .__ T .
5= {fyeI‘.’y(s)GA}.
Using Proposition 6.2, we can show the following

Lemma 6.7. Let M be the set defined in (6.1) and for every fized s € [0, T
let T, :={y€Tl:~(s) € M}. Then:

o 77@}9\/1) =0 for a.e. s€[0,T];

Proof. Let us denote by 13, :=nL fﬁw and consider the Borel function
pu(t,) L% = et

It is easy to see that pjs solves continuity equation
Oprr + div(pard) = 0.

Integrating in time on [0, t] we get

t
div (b/ P (T, ')dT> = (pm(t,-) = pu(0,-)) L2
0
In particular, thanks to Proposition 6.2, we have that

(pm(ts-) = paar(0,-)) L% LM = 0, (6.4)

hence pps(t,-) = pa(0,-), for a.e. x. Furthermore, integrating in space the
continuity equation (6.1) we get the conservation Of mass:

— t,x)dx = 0. .
dt Jpn P (b@) dz =0 (6.5)
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Therefore, using (6.4) and (6.5), we have

/ :/ th:cdx—/pM(t,x)dx:
’J1‘2\M T2 M

/ pus,a)de~ [ prilscoyds = [ puls.)dn =
T2 M T2\ M

]lT?\M an( ) 0,

\,

which gives us pps(t,-) = 0 a.e. on T?\ M. Hence

0—/ / M (t,x dm—/ /1T2\M ) dnar(y) dt
’]1‘2\M

and this implies that 3,(I'5,) = 0 for s € [0, T}, since y € T are not constant
functions (by definition) and b =0 on M.
Now the second part easily follows from the first one by a Fubini-like

argument: indeed, we set
T ~
1 :—/ n(T4,) ds = 0.
0

Since n( FS = [z 1m(7(s)) dn(v) and using Fubini’s theorem we get

1_// L (7(s)) ds dn () = 0

ie. L1{t €[0,T]: »(t) € M}) = 0 for n-a.e. v € [y and this concludes
the proof. O

6.2. Matching properties II. Let us now consider two balls By, By € #
and suppose that By N By # () so that the intersection By N By is a non
empty, open, simply connected set.

Since VH; || VHz (since they are both parallel to b) we can apply Match-
ing Lemma 5.2 and we thus obtain that H; and Hy match: in other words,
for a.e. @ € (By N By) N (E1 N E) we have that CL = C2.

Now, for every fixed ball B € % we can consider all the balls B; € %
such that B N B; # (): for each of these balls, we take the corresponding
#£? negligible set N; C B given by Matching Lemma 5.2 (x € N; if CL #
CA'I, where C, denotes the connected component inside B of the level set
Hgl(HB(x))). Since H is Lipschitz, we have that Z; := H(N;) C R are .£*
null set for every 7, hence also Z := U;Z; is ! negligible. This leads us to
the final definition of globally reqular level sets:

Definition 6.8. Let h € H(B): we say that Ej is a globally regular (or
simply regular) level set if Ej, is regular with respect to B and h ¢ Z.

7. THE LABELING FUNCTION

7.1. Measurable selection of connected components. We now recall
the following

Definition 7.1. A Lipschitz function f: R™ — R is said to be monotone if
the level sets {f =t} := {z € R": f(z) =t} are connected for every ¢t € R.
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In [8] the authors proved that a real Lipschitz function of many variables
with compact support can be decomposed into a sum of monotone functions:
more precisely, we state

Theorem 7.2 ([8, Thm. 1]). Let f € Lip.(R™). Then there exists a count-
able family { fi}ien of functions in Lip.(R™) such that f = Y, fi and each
fi is monotone. Moreover, there is a pairwise disjoint partition {A;}ien of
R™ such that V f; is concentrated on A;.

Now we fix a ball B € £ and the corresponding hamiltonian H = Hp.
Then by Theorem 7.2 there exist countably many monotone Lipschitz func-
tions H;: B — R such that H = Y72, H; and for i # j we have

L*({VH; #0}N{VH; #0}) =0.

In particular, we deduce that E = {J;c; E; mod £?, where E; are the
regular level sets of the Hamiltonian H;; therefore, we can define for every
x € T? the map

k(z) := ZZILEZ (x) (7.1)

which is Borel thanks to [1, Appendix 6, Proposition 6.1].

7.2. Construction of the labeling function. We now turn to the con-
struction of a suitable “labeling” function f which assigns to a point = € T?
the label of the maximal extension of the level set of H passing through .
First we define the set where the labels take values:

A :=Nx R x NU{(400, +00,+00)}.
Then we introduce on 2 an ordering as follows: if
a) = (nl,hl,kl) and a9 = (ng,hg,kg),

then

either [ny < ngl,

a; <az <= qor[n; =ngand hy < hgl,

or [n1 =ng and hy = hg and k1 < kz]
Notice that this is the standard lexicographic ordering on the product of
ordered sets.

We construct f as pointwise limit of a sequence of Borel functions f,,: T? —

21 which we define inductively. We set fo = +00, where for brevity we write
+00 := (400,400,400). Then we define an auxiliary function f,4; with
support inside of B, ;1. More precisely, if ¢ € B, 1 we call C,, the connected
component of the level set H;il(HnH(:U)) which contains x and define

Y, :={y€Cy: fuly) #+oc}.
Then set

+00 otherwise.

£(z) = {rrgnfn(y) if Yy £ 0,
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Now let
i (@) if £(a) # +ov,
frt1(z) = ¢ 400 if {(x) = 400, x & Epy1,
(n+1,Hyy1(x), k(z)) if {(z) = +o0,x € Epya,
where F, 1 is the set of points which belong to regular level sets of H, 11

and k(-) is the function defined in (7.1). Using this auxiliary function, we
define for every z € T?

.]Fn-i-l(x) ~ ifx € Bn+17
fn-i-l(x) = { min {fn(x)v fn+1(fn_1(fn(x)))} if z € Bl u...u Bna
+00 otherwise.

The definition of this function takes into a account two possible situations:

a) different level sets (i.e. different values of H) could join only later in
the construction (see Figure 1la). Therefore, at each step we define
fn+1 not only inside the new ball but we also update the values out-
side by minimization (in order to make the sequence monotonically
decreasing);

b) different connected component of the same level set could have dis-
joint extensions and this is the reason why we include also the func-
tion k(-), which roughly speaking corresponds to the number of the
connected component of the level set (see Figure 1b).

The function f, converges because it is fairly easy to see that it is mono-
tonically decreasing and therefore we can define

f@):= lim fu(z).

7.3. Properties of the level sets of the labeling function. We now
prove some properties of the level sets of the function f constructed in the
paragraph above. We denote F, = f~!(a) for every a € f(T?) C 2.

7.4. Level sets are closed curves or simple Lipschitz curves. We
have the following

Lemma 7.3. For any a € A\ {+oo}, the level set Fy is either a closed
curve or a simple Lipschitz curve. As a consequence, for every B € A the
set Fy N B has at most countably many connected components.

Proof. Fix a := (m, h,k) € f(T?)\ {+oc0} and suppose that f~!(a) is not a
closed curve. By the construction of f, F, must intersect the ball B,,: in
particular, F;N B, coincides with the k-th connected component of the level
set {Hp,, = h}. Call this connected component ¥,,. We now distinguish
two cases: either 3, = F, (in this case the lemma is proved) or Fy is strictly
bigger than C.

Suppose thus that ¥,, C Fj: by definition of f, F, cannot intersect B;
with ¢ < m in a regular level set of H; (since f is defined taking minima).
On the other hand, Fy intersects some ball B; with j > m (since the balls
of % cover all T?). In particular, let us consider By where k := min{s € N :
Bs N By, N Fy # (0} The intersection Fy N By, must coincide with a regular
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(a) Different level sets can join later: in the balls 1-2
and 3-4 the red curve has two different “labels”:
when we turn to consider ball with number 5 we
join these two pieces with the dashed green curve.
The construction of the function f takes into ac-
count this situation.

(b) Different connected components of the same
level set can have disjoint extensions: inside
the red-shaded ball, the blue curve and the
green one are two different connected compo-
nents of the same level set of the correspond-
ing Hamiltonian. As the picture shows, they
have disjoint extensions.

Figure 1. Level sets of the Hamiltonians and of the function f.
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level set of Hj and it is therefore a Lipschitz curve (we remark that this
curve cannot be closed, otherwise we would be able to find a smaller ball
B’ € % such that F, N B’ contains a triod, which contradicts the regularity
of the level set). If we iterate countably many times this procedure, we end
up with a covering of F' by balls B; and thus our problem is shifted to prove
that if we “glue” two Lipschitz curves we obtain a Lipschitz curve.
Therefore, let us consider X, := FyN By (where k is defined above). 3 and
Y, have finite length (because they are a connected component of a regular
level set). Take natural parametrizations vy : I — Xg and v : L, — X,
where I = (ag,fk) and I, = (@m,Bm) are bounded intervals (because
the curves have finite length). Let t; € I be such that v4(tx) € 0Bpn:
up to a translation, we can suppose that t, = «,,. Hence we can glue
together the parametrizations, obtaining a function v,,41: Ins1 — T2 where

Ierl = (akaﬁm) and

@) ifte I, == (o, tg)
T Ym+1(T) = {fym(t) if t € Iy = [m, Bim)-

The function 7,41 is injective, Lipschitz and its image is clearly X; U 3,;:
injectivity is trivial and we just have to prove Lipschitz estimate for ¢, s
belonging to different intervals. More precisely, let ¢t € I, and s € I,,,: then

[Ym41(t) = Ym+1(8)] = [k (t) — Ym(s)]
< (@) = ()| + [e(te) — ym(s)]
< Lk|t — tk‘ + Lm]tk — S|
< L|t — 5],

where L is the maximum of the Lipschitz constants L, Ly,.
Then the second part easily follows noticing that any family of disjoint
open intervals in R is at most countable. O

Remark 7.4. From inspection of the previous proof, one sees that the
level set F, (when it is not a closed curve) can be parametrized by an
injective Lipschitz function ~4; moreover, we can choose the parametrization
to respect the direction and modulus of b, i.e. 4 = b(7q). From now
onwards, we will always assume that F, are parametrized in this way and
we will refer to this parametrization as the canonical parametrization.

Remark 7.5. Thanks to Lemma 7.3, we can assign (in a unique way) to
every connected component of Fy N B a rational number ¢ € Q (respecting
the canonical parametrization of Fy).

We have thus proved that for every a € 2, there exists a Lipschitz, injec-
tive parametrization vq: I, — T? of F,, where I, is either an open interval
or R/(r,z) for some L, > 0. From now onwards, we denote by 2Axp the set
of labels of non-periodic curves, i.e.

Anp = {Cl S f(T2) sy = (aCH/Ba)u Qq, Ba € RU {:EOO}}

We are now ready to prove a lemma about the relation between level sets
F, and the trajectories of b.
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Lemma 7.6. There exists a n-negligible set N C ' such that for every
v €T\ N the function fo~: (0,T) — A is constant.

Proof. Applying Lemmas 4.1 and 4.2 countably many times, we can con-
struct a subset N C T', with n(N) = 0, with the following property: for
every v € I'\ N, for every B € A, if v € Tp then v((0,7")) N B is contained
in a regular level set of Hg. For any v € I' \ N, set C := ~((0,7)).

Fix ¢ > 0: by compactness and connectedness, we can cover the set
C. := (e, T — ¢]) with finitely many balls Bj,..., B, € % such that for
every i, there exists j # i such that B; N B; # 0 (otherwise C' would be
disconnected). In particular, we observe that by construction, for every
i=1,...,n, the set C: N B; coincides with (a connected component of) the
image of some 7. € Tp, (within the ball B;).

Now by the construction of N, H; is constant along connected components
of ¥(0,T) N B; and let h; be the value attained by H;; on the other hand,
f is constant along connected component of Fj, hence f is constant along
C: N B. Since the balls do intersect, the function f must be constant on
C. O

Thus we have proved that for n-a.e. ~ there exists a € 2 such that v C ~,,
meaning that v is a parametrization of some part of v,. We wonder how
and v, are related when a € 2xp. The answer is given by the following

Proposition 7.7. Let N be the set given by Lemma 7.6 and let v € r \ N
be fixed. Suppose that foy = a where a € Anp. Then vy coincides with vq up
to a translation in time (where 7y, is the canonical parametrization restricted
to some time interval).

In order to prove Proposition 7.7, we need the following auxiliary

Lemma 7.8. Let v: I — T? be a solution of the ordinary differential equa-
tion

'()=b(’r(t)), telCR,
where I = [0,T] and \b\ € Li (A1 _~(I)). Assume that there exists a

injective curve 4 defined on I such that v(I) C 4(I) and that 5 = b(¥).
Then for any t € I

/ W) _ gy~ 2 (fre 0,111 /(8) = 0)).
Y((to,t))  [b(w)]

Proof. For fixed t > 0, observe that

/ ) (2/ L0y (w) dA (w)
A(tort))  [B(w)] 7((to,t)) [b(w)]

. Wl
‘/{tem 0 PO

= t=2({te0,1]: v'(t) =0}),

where
(1) follows by definition;
(2) is the Area formula, i.e. S1LC = y4(|y|-Z?1), where C = ~((0,T)),
which can be applied because there exists 4 by hypothesis.
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This concludes the proof. O
Now we can prove Proposition 7.7.

Proof. Let 5 € I, such that v,(5) = v(0). By Lemma 7.8, we have

At (w)

e e 1 _1 _
A<<to,t>> S =L 0TI b =0). (72)

By Lemma 6.7 and the fact that £2({b = 0} \ M) = 0, where M is defined

in (6.1), we know that for n-a.e. y €T,
LH{te0,T]: v(t) € {b=0}}) =0,
hence (7.2) is actually

1
/ M = t. (7‘3)
v((to,t)) |b(w)|

On the other hand, applying again Lemma 7.8 to 4, which is injective, we

get
d 1
/ M:(Hg)—g:t. (7.4)
Ya(s,t+3)  |0(w)]

Since, by definition, v4(5) = 7(0), comparing (7.3) and (7.4) and using the
fact that |[b| > 0 s#1-a.e. on v, we deduce that

Y(t) = Ya(t +3)

which means that v and 'ya|[0,T] coincide up to a translation in time. U

7.5. Connected components of level sets of H and f. We now want
to exploit the connections between the level sets F;, and the level sets of the
Hamiltonians H. In particular, we prove that, inside of a ball, there is a
bijection between the connected components of these level sets.

Let B € & be fixed and consider the Hamiltonian H = Hp and the triple
associated to it (H, N, E) as in Section 3.2. For any ¥ ¢ N and | € N let
Cy, denote the I-th connected component of Ey (which can be empty set
for some values of [).

Thanks to Lemma 7.3 and, in particular, to Remark 7.4, we can denote
by Cq,4 the g-th connected component of Fy N B, where ¢ € Q. By the
construction of f, for any ¥ € H(FE) and any | € N such that Cy; # 0, there
exists a unique a € %A such that Cy; C Fy; hence, due to connectedness,
there exists unique ¢ € Q such that Cy; = Cy4. Now fix [ € Nand ¢ € Q
and set

0, = {19 € H(E) : Cﬁjl 7é @}
Then for any ¥ € ©; we define
Al,q (19) =a,

where a € 2 is the unique label such that Cy; = Cy 4. By construction, the
function A, is injective.

Lemma 7.9. We have that
{f # +o0} = {b#0} mod £°
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Proof. Let us call ' := Upcy Ep. On one hand, it is easy to see that
{b#0} =E mod £ (7.5)

Indeed, thanks to Remark 2.2 and to Lemma 6.7, if b(z) # 0 then = € Ep
for some B € %; on the other hand, by Weak Sard Property we have
LYEpn{b=0}) =0 for every B € %, hence we have (7.5). Now we show
that

{f #4000} =E mod £2 (7.6)
If x € T2\ E, then z belongs to a non regular level set for Hp for every
B € #: in particular, for every n € N, f,(z) = 400 hence, passing to the
limit, f(x) = 4+o00. The other inclusion is also easy: if x € Ep for some
B € 2 then necessarily it has a label and hence f(z) # +o0c0. The lemma
now follows from (7.5) and (7.6). O

8. DISINTEGRATION WITH THE LABELING FUNCTION

Applying Disintegration Theorem we get
. / Aede(a) + 2L {f = +o0l, (8.1)
a#+o0

where & = f.Z?L {f # +oo} and A, are concentrated on Fy. In the same
way, for any Radon measure p we write

= / g dé(a) + / vodo(a) + pL{f =400} (8.2)
aF£+o00 a#£+o00
where we denote by

o = [fa(lulL{f # +oo})]""® (8.3)

the singular component (with respect to &) of the measure fu(|pu|L {f #
+00}).

8.1. Comparison of disintegrations of .#? and of p. In Section 7.5 we
have built a bijection that allows us to relate disintegrations (8.1) and (8.2)
with the disintegration w.r.t. the level sets of the Hamiltonian Hp in each
ball B € A.

Lemma 8.1. Let B € A be fixred. For anyl € N and for any q € Q, we
have (Aiq) (L) < €.

Proof. Let E C 2 such that ((E) = 0, ie. Z?(f71(F)) = 0. Hence also
Lf~YE)NB) = 0 and, since Hp is Lipschitz, Z1(Hg(f~1(E)NB)) = 0.
The claim now follows because we have Aqu1 (E)CHp (f"YE)nB). O

In particular, by Lemma 8.1, applying Radon-Nikodym Theorem, we get
that, for every [ € N and ¢ € Q, there exists a function g;, € LY (2, €) such
that

(ALg)y (LML) = gigé.

Let us now set

G = G? = {a: € B: 3 €0, 3dac A,(0;) such that x € Cy; N Ca’q}.
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This allows us to compare the two disintegrations of y on G: indeed, on the
one hand we have, by (3.4) and v, LG =0,

MLG:/MhLGdh:/ uhdh
O,
= /Ql Az (Apg(h)) R (8.4)

= / [a=1(q)9Lq(@) d€(a).
Al,q(gl) ba
On the other hand, from (8.2) we have

wl G = uul_Gdf(a)+/ vaLGdo(a). (8.5)
Aiq(©1) Ar,q(©1)

Comparing (8.4) and (8.5) we deduce that o = 0 on A; 4(©;) and that {-a.e.
a € A 4(0;) we have

Ha = gl,q(a)MAl—ql(a)y
which is, since Al_ql(a) = h,
Ha = gl,q(a)ﬂh-

This means that g, and pp, on G coincide (up to the density g; ).
For Lebesgue measure, using (3.2) and arguing in the same way, we get

Gra(M)Aa, iy LG = cn ' L (BN G).
for some density g; ,. We conclude that
Ay = co L F,
for some function ¢, € L*(s#1 L F,) and
L (FaNG) =L (EyNG),

where a = A; ,(h). Hence we have

LPLASf # oo} = /# ca ' L Fydé(a).

The following lemma is elementary, we prove it for completeness.

Lemma 8.2. Let v;: {O, %} — T2, 49: [0,T] = T? be Lipschitz functions
such that

T
Y (t) = b(11(t)), a.e. t € [07 2} )
Wt =b(a(t), e te0,T]
Assume that v1(-) is injective and that

72([0,T]) € m ([0, :2FD :

L ({t 0,1 () =0}) =

Then

o] N
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Proof. We have

1 . / — g
X(HEWJWW%Q#@)—A gy (1)
e ()]
= [ 1Ol
_/ d%l(w)
ooy [b(w)]

A (w) T
= /71((0,5)) b(w)] 27

where the last equality follows by Lemma 7.8. (]
We can now prove

Lemma 8.3. For £-a.e. a € [UAnp the interval I, coincides with the entire
real line, i.e. I, = R.
Proof. Consider the sets
A~ = {Cl € ANp : g > —OO}
and
AT = {Cl € ANP : fa < +OO}.
To get the desired conclusion, it is enough to prove that £(27) = 0 (for AT

the proof is analogous).
Let us argue by contradiction: suppose that £(2(~) > 0 and consider the

set of points
T
6= U (awaet5)).

acA~
Being £(2(7) > 0 we have by disintegration

22G) = /Ql ) /G caﬁlLFa}dg(abo,

because 1 (G N F,) > 0 for every a due to injectivity of 7,. By Lemma 6.6
we have n(I'G) > 0.
Now we prove that Fg C I'ps: indeed, for every v € Fg we have that

Zl({t €0,T]:~v(t) e M}) >

|~

by Lemma 8.2. Therefore,
n(TE) < nTa) =0
by Lemma 6.5. Furthermore, we have also n(Fg) = 0 because on G we

have b # 0 a.e. We have thus reached a contradiction and the lemma is
proved. O

Remark 8.4. Let us consider a label a € Axp such that the orbit v4(R) is
bounded: Lemma 8.3 actually shows that the limit points of v, as s — +00
are not reached in finite time. The same conclusion holds in the case where
only one between v4({t > 0}) or v,({t < 0}) is compact.
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9. RENORMALIZATION AND PROOF OF THE MAIN THEOREM

Lemma 9.1. Suppose that b € L*°(T?) NBV(T?) is a nearly incompressible
vector field. Let ji be a Radon measure on T? and u € L>(T?). Assume that
u solves

ds(0éa|b]) = fia in 9'(1,) for é-a.e. a # 400, (9.1)
where Iy =R or I, = R/e.z, with €4 > 0. Then
div (ucabi%”1 L Fy) = fa in 9'(T?) for &-a.e. a # +oo. (9.2)

Recall that & = wo~, & = cq 07, b = bo~ are defined as LY AL F,)
for £-a.e. a # +o00, while fiq is pull back of the conditional probability pig.

Proof. We note first that it is enough to prove that (9.2) holds in 2'(B) for
every ball B C T?.

Therefore, fix a ball B and, for £-a.e. a # +o0, set J, := 7, }(B) which is
an open set; by assumption, as(ﬁéa\i)\) = fig holds in 2'(J,). Moreover, we
have that pg L (Fy N B) is finite and also ¢! L (F, N B) is finite (because
they are disintegration of finite measures): this implies

ca € LY ('L (Fy N B)).

Therefore, ¢, € L'(J,) and fi, is a finite measure on J, (since it is the pull
back of a finite measure by an injective function). In particular, we have
that

(6Calb]) € L' (Ja),
and its distributional derivative is a finite measure: therefore

(1é4|b]) € BVNL(J,).

If we take ¢ € C2°(B) we observe that, in general, b= ®(74) is a Lipschitz
function on J, but it is not necessarily compactly supported in J,. Therefore,
we cannot conclude directly from (9.1). On the other hand, we can consider
the following functional

Au(6) = / ata[bl0,d ds + /J i, Vo€ CX(B).  (9.3)

We now define
OJP == {s € R: 74(s) € OB};
moreover, if J, is unbounded, we call 0.J5° the set of its non-finite endpoints.

We observe that (4ié,|b|@)s g8 = 0 because ¢ has compact support in the ball.
Therefore, integrating by parts the first integral in (9.3), we obtain

Aa(¢) = (ﬁéa‘g‘qg)ajgv

On the other hand, using Remark 8.4, we see that the function é,|b| is

defined on an unbounded interval hence, being BV, it must be (4éq|b|)s Jeo =
0. Therefore, we get that for every ¢ € C°(B), Aq(¢) =0, i.e.

/ 0eq|b|0sdds + | ddpg =0
a ']Cl
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which gives, coming back from parametrizations,
/ ucgb - Vod A1 L F, +/ ddpg =0
B B
ie. div(uceb L Fy) = pig in 9'(B). O
The proof of Lemma 9.1 gives us also the following

Corollary 9.2. If a € Jxp s such that I, = R, then

lim &|b| = 0.
s—+o0

We recall that by (8.2), the measure p has the following disintegration
with respect to f:

u—/a#oouadf(a)Jr/a#wVadU(a)+u|—{f—+oo}

where o is defined in (8.3) as o = [fu(|p|L{f # 4—00})]Sing (singular w.r.t.
£)-

We now prove

Lemma 9.3. Suppose that b € L>=(T?)NBV(T?) is a nearly incompressible
vector field. Let p be a Radon measure on T? and u € L*®(T?). Then u
solves equation

div(ub) = in 2'(T?) (9.4)
if and only if
div (uceb P L Fy) = pg  for é-a.e. a # +oo,
o =0, (9.5)
pl{f =+oo} =0.
Proof. [=]. We show that div(ub) = p implies D5(0i|bléq) = pa in Z'(I,);

then it is enough to apply Lemma 9.1 to get the equation (9.5). By (3.13)
we have that, for every B € 4,

O, (ab|en) = fin
in 2'(I), which means
Os(fbléa) = fra,  in Z'(IaNvg 1(B)). (9.6)

Now take a compactly supported test function ¢ € C°(I,): by compact-
ness, there exist B, ..., B, € % such that {v;1(B;)}; is a finite covering of
supp ¢. We consider a partition of unity {p;} subordinated to this covering
and we write ¢ = >, p;¢» with supp p; C I; N v 1(B;): due to (9.6), we get

[ ovibieads = [ odue

Since ¢ € C°(I,) is arbitrary, this proves
05 (fpléa) = fra in 7'(I).
Finally, integrating div(ucb#' L F,) =
div(ub) = pa L {f # +o0}.

g in d€ over a # 400 we get
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Subtracting this from (9.4), we get

/ o do(a) + L {f = +oo} =0,
a#£+o00

which implies the desired thesis, since the two measures are mutually singu-
lar.

[E]. For any test function ¢ € C°(T?), integrating the equation in d¢
over a # 400, we get

u(x)eq(x)(b(x) - T 1 o) (x = .
L[ r@a@ee vowaor Cry@aw = [ s

Taking into account the formula of the disintegration of .#? and that o = 0
and pL {f = 400} = 0 we obtain

[ @ 0ta@) - Vo)ds = [ 6du
which is (9.4). O

Remark 9.4. The proof above shows actually that (9.4) = (9.1) = (9.5)
and that (9.5) = (9.4). In particular, this means that (9.4), (9.1), (9.5) are
indeed equivalent.

Remark 9.5. If y < .2 then pl_{f = +oo} = 0 is equivalent to u_M = 0,
since {f = +o0} = M mod .Z2.

Proposition 9.6. Suppose that b is bounded, BV, nearly incompressible and
u € L*®([0,T] x T?). Let v be a Radon measure on T2. Then u solves
div(ub) =
Ohu + div(ub) = v in 2'((0,T) x T?)
u(07 ) = UO()
if and only if
e dulL {f =+4oc} =vL{f = +oo};

e 0=0;
e U solves

{at<aéa|6|> + 0 (calb]) = 7

where I, is domain of parametrization of F, for é-a.e. a # +oo.

in 2'((0,T) x 1),

By a direct argument one can prove that the only weak solution to the
initial value problem d;v+09dsv = 0, v|¢=g = 0is v = 0. Hence we immediately
obtain the following uniqueness result:

Corollary 9.7. If b: T? — R? is bounded BV nearly incompressible vector
field then only distributional solution of the continuity equation with zero
initial data uw =0 is u = 0.

Proof of Proposition 9.6. Multiplying the continuity equation by a function
P € C(]0,T)) and formally integrating by parts we get

T T T
uph+div(ud) = Yv = div (/ ut) dt b) = / uthy dt—1(0)ug+ </ Lbdt) v,
0 0 0
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i.e. div(wb) = p where w := fOT utp dt and

= ! — u 2 ' v
= (/0 uthy dt — 1(0) 0>$ +</0 ¢dt> .

Applying Proposition 9.3, we thus obtain that continuity equation is equiv-
alent to

div (wegb L F,) = pg  in 9'(T?) for £-ae. a # +o0,
o =0, (9.7)
pl{f =+oo}=0.

The measure u, can be computed explicitly:

o = (/OTU¢tdt—¢(O)UO>Aa+ (/OT¢dt)ua

- (ATuwtdt—w<0>uo)ca%1LFa+ (/()det)ua.

Therefore, we get
T T
div (wegb L Fy) = </ uy dt — 1/J(O)u0) 'L Fy+ </ P dt> Vg.
0 0
This means that for every ¢ € C°(T?), we have

r

/TZ catb(b- V)dA" I_Fa} dt = /OT

/ uhrpead I Fu} dt
TQ

- / $(0)ugdea dH L F,
']T2

T
+ /
0

/OT [ sl Viwenan' LR it - /OT [ wonesar e
- [ e0OuedrLE,

+/OT[ 5 qudyu}dt.

Since functions of the form 1 (¢)¢(z) are dense in C2°((0, T') x T2), we deduce

v dt,

TQ

{c‘% (ucadt L Fy) + div (ucab ' L Fy) = v,

Now being 7, is Lipschitz and injective, we have

(va Dy (L E) = |42,
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and this allows us to compute explicitly

flg = ('Vu_l)#ﬂa

T
- (f)/a_l)# </0 th dtcw%all—Fa_ - w(o)uocad%lLFa—FVa)

T
::A u(7,7(8))¢r (7)ca(Ya(5))[6(Ya(s))| dT — ¥ (0)uo(va(s))ca(v(s)) + Do,

(9.8)
where, by definition, we have set
Pa = (% ) (va) -
From (9.8), we thus obtain that
T ~
P —/ 0y (albléa) + 7o
0
Due to Remark 9.4, (9.7) is equivalent to
Or (16 b)) + 05 (1alB]) = 7,
ﬁ(O, ) = ﬁo(-),
in 2'((0,T) x I) and this concludes the proof. O

9.1. Final result. We are now in position to prove the main result of this
paper, which is the following

Theorem 9.8. FEvery bounded, autonomous, nearly incompressible BV vec-
tor field on T? has the renormalization property.

Proof. Let u € L>([0,T] x T?) be a solution of the problem

w+b-Vu=0,

U(O, ) = uO(')v
According to Definition 1.2, this means that

(pu)¢ + div(pudb) =0 in 2'(I x T?), (9.9)
with initial condition p(0, -)ug. Now applying Proposition 9.6, equation (9.9)
is equivalent to

(pialb])e + (picalb])s =0 E-ae. a# +oo,

(pu)t = on M,

with initial condition (pu)(0,-) = (0, -)do(-). On the other hand, by nearly
incompressibility, we have

in 2'((0,T) x T?).

pt +div(pb) =0
which is R R
(pCalb|)t + (péalb])s =0 E-a.e. a# +oo,
pt =10 on M.
In particular, we have that pu is constant on M and also p is constant
on M (in particular, it is positive, since p is bounded). Therefore, we get

that v is identically equal to up on M and hence also p3(u) is constant on
M and it is equal to p(0,-)5(up).
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On the other hand, comparing the two equations
(ptca|b]), + (picqlb]), =0

and

we get that for &-a.e. a,

which means

B(u)(0,-) = B(uo) ("),
and this concludes the proof. O

{(ﬁ(u»t +b-VA(u) =0,
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