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Lecture 1. Introduction to PDEs
References: [Strauss, Ch. 1], Ch. 1].

1.1 What is a PDE

PDE stands for partial differential equation(s).
Let u be a function of some variables (z,y,...). Derivatives are written as subscripts:

ou
Uy = — etc.

oz’
A PDE of the first order is
F(.’IJ, Z/, U, Uz, uy) = 07

a PDE of the second order is
F(z,y,u, Uy, Uy, Uz, Ugy, Uyy) = 0, etc.
A solution is a function u that satisfies the equation in some region.
e A system of PDEs: u = (u!,...,u™) and

Fl=F?=...=F"=0 (usually n = m).

e There is not much general theory, rather examples.
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1.2 Examples (constants are hidden)

e Transport equation, first order, linear homogeneous:

us + cu, = 0.

e Burgers—Hopf equation, first order:

up + uu, = 0.

e Laplace equation, second order, linear:

Au = Zuwm =0.
i

e Poisson equation, linear:

Au = f,
where f is a density.

e Wave equation, second order, linear:
Ut — Au.
e Heat (diffusion) equation, second order, linear:
u = Au.

e KdV equation:
Ut = UlUy + Uggy-

o Maxwell equations:

div E = p,
div B =0,
VXE= —Bt,

VxB=EFE +J

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

Here E = (E', E%, E3) is the electric field, B = (B!, B2, B) is the magnetic field, p is the

charge density, J is the current. In coordinates,

3?7

divE=> E., VxE=(E, -E}, E} —E}
A

e FEuler equations:

u + (u-V)u=—Vp,
divu = 0.

Here u = (u',u?,u?) and p is the pressure. In coordinates,

)+ Y, =
J

E2 —EL).

xr1

(1.13)

(1.14)

(1.15)



1.3 Generalization of ODE

A PDE is a generalization of an ODE (we will need some basics, not the tricky parts).
The solution of an ODE of order m depends on m parameters. For a PDE, see the following
examples.

Example 1.1. Let u(z,y) satisfy
Ugy = 0. (1.16)

Then u, is a constant in z, that is, a function of y. Integrating again, we get

u=2zf(y)+9(y), (1.17)

where f, g are arbitrary functions. This is like an ODE, only the constants depend on y.

Example 1.2. Let u(z,y) satisfy

Ugy +u = 0. (1.18)
As for an ODE,
u= f(y)cosz + g(y)sinz. (1.19)
Example 1.3. Let u(z,y) satisfy
Uy = 0. (1.20)
Then u, = f(z) and
u=F(z)+ G(y). (1.21)

Moral. The solution of a PDE contains arbitrary functions.

1.4 Physics leads to PDEs

e Transport equation:
ut + cuy = 0. (1.22)

A fluid in a tube; the rate of change is proportional to the gradient.

e Wave equation:

A vibrating string, more generally a drumhead.

e Heat (diffusion) equation:
w = Au. (1.24)

e Maxwell equations.

e Schrodinger equation:
—iug = Au— V(2)u, (1.25)

where V(x) is a potential.

e Euler equations: an ideal fluid.



1.5 Initial and boundary conditions

If one of the coordinates is the time t, there are initial conditions

u(z,ty) = ¢(x) (position), (1.26a)
ug(x, tg) = () (velocity). (1.26b)

Their number depends on the order of the equation.
More generally, let D be the domain where the PDE is valid.

(D) Dirichlet conditions:

ulap = g. (1.27)
(N) Neumann conditions:
ou
— =g. 1.28
onl,y =7 (1.28)
Here g—z is the normal derivative: for the normal n = (n!,n? n?3),
ou 4
o = ;nluz (1.29)
(R) Robin condition:
0
8—:: +au =g. (1.30)

In one dimension, D = (0, {):
(D) u(0,t) = g(t), u(f, t) = h(t);
(N) uz(0,8) = g(t), uz(€,t) = h(t).

Example 1.4 (String). If the string is fixed at both ends, then (D): u(0,t) = u({,t) = 0. A
free end means that the vertical component of the tension vanishes, then (N): u,(¢,¢) = 0.

Conditions at infinity are more tricky. For example, for the Schrodinger equation: [ lu|? dz <
00.
1.6 Well-posed problems

A problem consists of a PDE, a domain and initial/boundary conditions. It is well posed if the
following hold.

(i) Existence.
(ii) Uniqueness.
(iii) Stability: the solution depends continuously on the data given in the problem.

Stability (iii) is important for physical applications, because we know the initial data only with
some precision.
Not all problems are well posed.

Example 1.5 (Diffusion). Consider
Ut = Ugg. (1.31)

For the initial data u(z,0) = f(z) we expect a unique solution. But backwards in time (antid-
iffusion, more chaotic) existence and stability fail.



Example 1.6 (Laplace). Consider the Laplace equation
Ugg + Uyy = 0, D={-c0<z<o00, 0<y<oo} (1.32)

It has the solutions
un = e V" sinnz sinh ny, (1.33)

2

since (Up)ze = —N"Uy and (uy)yy = n’u,. The boundary data as n — o0o:

un(x,0) =0, (Un)y(z,0) = ne™ V" sinnz — 0. (1.34)

But for y > 0 the functions u,(x,y) of x do not tend to 0. And for the zero boundary data the
solution is 0.

Example 1.7. Consider

with the Dirichlet conditions (D): u(0) = u(f) = 0. The general solution of the equation is
u=asinx + Bcosz. If £ € nZ, the solution of the problem is not unique.
1.7 What do we mean by a solution?

Is u analytic? Infinitely differentiable? At least k times continuously differentiable for a PDE
of order k: this is a classical solution.
In general this is not the case, and we need generalized or weak solutions.

Example 1.8. The equation

has the solution
u=F(z)+Gy)+C, (1.37)
where
F(z) =u(z,0)-C,  Gy)=u0,y)-C,  C=u(0,0). (1.38)

If F, G are not smooth, then u is not smooth.

Moral. Today we discussed what a PDE is, the main examples of PDEs and the initial and
boundary conditions imposed on their solutions. We also discussed what it means for a problem
to be well posed (existence, uniqueness, stability) and what we mean by a solution (classical or
weak).

Lecture 2. First-order equations

References: [Strauss, Sec. 1.2, 14.1], [Arnold, Ch. 1].

2.1 First-order linear equations

Consider the transport equation

ug + cuy = 0. (2.1)
We can change the coordinates:
t=t+cz, T=ct—z (2.2)
Then
(1+c)ou=0, u=f(2)=f(ct—m) (2.3)



More generally, consider a linear equation with constant coefficients
Z ajtg, =0, (2.4)
i

where v = (ay,...,ay) is a vector field. There exists a change of variables 1, ..., z, ~> Z1,...,Zy
such that
uz =0 = u=u(Ze,...,Tpn). (2.5)

The boundary data are
uls = f, (2.6)

where S is a hypersurface. The necessary and sufficient condition (locally) is that v is transversal
to S.

Inhomogeneous equation. Consider
Z AjUg; = p. (2.7)
i

Again we change the variables:

1
Uz, =p = u=[(o)pd:1~31+f(5327~-753n)- (2.8)

Ty

Geometric interpretation. For the equation ([2.1)) consider the vector field (a tangent vector
at every point) v = (¢, 1). The equation reads u,, = 0, that is, u is constant on the lines ct—z = k.
So u is a function of k.

2.2 Linear equations with non-constant coefficients
Example 2.1. Consider equation
U + xuy = 0. (2.9)

Geometrically, we have the vector field v = (x,1) and L,u = 0. The integral curves of v
(curves ~y(s) with the tangent vector v at every point) are called characteristic curves. For

v(s) = (z(s),t(s)) we get

dx dt
= = — =1. 2.10
ds ds (2.10)
Without loss of generality ¢ = s. Then
d
Lo = r = Ceé, re = C. (2.11)
dt
The function u is constant on the characteristic curves:
Aty t,
dtu(Ce t) =u + Ce'uy = 0. (2.12)
The general solution is
u= f(ze™). (2.13)

For example, consider the initial condition u(z,0) = 2. Then

fxe™®) =2 = u(x,t) = (ze )2 (2.14)



Example 2.2. Consider equation
ug + 2ta*u, = 0. (2.15)

Again we have the vector field v = (2t22,1) and L,u = 0. Then

dz 9 1 1 9
The characteristic curves are )
=, 2.17
=0 (2.17)

and the general solution has the form (for x # 0)

w=f (t2 + i) : (2.18)

Example 2.3. Consider
U + ug +u = e u(z,0) = 0. (2.19)

Here v = (1,1), and the integral (characteristic) curves are x =t + x¢. On such a curve

d
di; +y = eBtrao, (2.20)
hence 3t+ t +2t 2t
e o _ gTo— e® — et
= - = = 2.21
u 1 u 1 (2.21)
Lesson. The equation
L,u = F(u,z) (2.22)
reduces to an ODE on the characteristic curves. For example,
Lyu+cu=0 ~ ugy +eu=0, u=e D f(ig,... &) (2.23)

2.3 Quasi-linear equations

Consider

Z Ai(u, 2)ug, = F, (2.24)

where A; do not contain derivatives.
Geometrically, consider the (n + 1)-dimensional space (z1, ..., &y, y). The function u defines
a surface I' of codimension one, the graph of u. Let v be the vector field (A4, ..., A,, F).

Proposition 2.4. The function u is a solution of the equation if and only if v is tangent to I.

Proof. The surface I is given by u(x)—y = 0. Its tangent space is orthogonal to (ug,, ..., uy,, —1).
The equation reads

(A, Ap F) - (ugyy ..oy ug,,,—1) = 0. (2.25)

O

Remark 2.5. If A does not depend on u, then the projection does not lose information. If
F =0, then the vector field is horizontal.

Remark 2.6. Now the vector field depends on the layer.



Example 2.7 (Hopf-Burgers equation). Consider

ut + uuy =0, v=(y,1,0) (2.26)
in the coordinates (z,¢,y). A characteristic curve (an integral curve of v) satisfies
t=1, T =u, uw=0. (2.27)
We take t as the parameter:
d dz
o7 (w(z(t),t)) = u + Ug o = Ut + uuy = 0. (2.28)

On a characteristic curve u is constant. Now we know the characteristic curves: they are lines
with slope u.

Remark 2.8. Free particles

d’x
— = 2.2
dt? 0 (2.29)
are described in terms of the velocity field.
Consider the initial data
u(z,0) = ¢(x). (2.30)

For every xg we draw the line with slope ¢(xp). If the lines intersect, we are in trouble: the
wave breaks (gradient catastrophe).

e In general, we want the map x = xg + t¢(zp) to be injective. A sufficient condition is
positivity of its derivative 1+ t¢'(x¢); it holds for all ¢ > 0 if ¢ is increasing. If inf ¢/ < 0,
1
the derivative first vanishes at t, = ———.
inf ¢/
e We can allow weak solutions (not continuous).

e We can say that the solution exists near the initial line and then breaks. Hence the real
physical process can be described by the equation only approximately.

In formulas,

.%'—330_
r—o — °@): (2.31)

u(z,t) = ¢(xo)-

Example 2.9. Let ¢(z) = 22. Then

—14+1+4t
T—xo=tr: = xo= # (2.32)
As t — 0 we want xg — x, so we take the upper sign:
—1++/1+4t
g = IV THT ), (2.33)
2t
Then )
-1+ v1+4tx 142t — 1+ 4tz
2t 2t2
This is a solution in the region 1 + 4tx > 0. Here inf ¢/ = —oo0, so there is no solution in any
strip 0 <t <T.
In a bit more general situation, consider
up + A(u)u, = 0. (2.35)

The characteristic curves are the integral curves of v = (A(u),1,0). On a characteristic curve u
is constant, hence A is constant, hence the curve is a line. We can solve the equation provided
the characteristic lines do not intersect.



Moral. Today we solved first-order linear equations, with constant and with non-constant
coefficients, by reducing them to ODEs on the characteristic curves. For quasi-linear equations
the characteristic curves live in the space of the graph of the solution; for the Hopf~Burgers
equation they are lines, and when they intersect the wave breaks.

Lecture 3. Linear differential operators

References: [Dubrovin, Ch. 2].

3.1 Linear differential operators

Consider R? with coordinates 1, ..., zq, and let Q C R% be an open subset. Let
0 . .
8k: - Dk:—18k, k= 1,...,d, i=+v-1. (3.1)
Oz,

This is the notation of Dubrovin; the operator Dy, is self-adjoint on L?(R?).

For a multi-index p = (p1,...,pq) we write
pl=p1+-+ps,  Pl=pil-pal, (3:2)
and
pP=all...gbl QP =gV .9 DP=DP..Dh (3.3)
Thus
DP: C™(Q) — C™(Q DP el " 3.4
1 07(Q) > C2(Q),  f= DPf=(-) 9T O (3-4)
Definition 3.1. A linear differential operator is
A= Zap(x)Dp, ap(z) € C(Q), A: C™(Q) = C®(Q). (3.5)
P
Its order is
ord A = max . 3.6
X p| (3.6)
Example 3.2. 1. A=}, a;0,, is a linear operator of order one.

2. The Laplace operator
d d
A=) 0}=-> D (3.7)
i=1 i=1

3. The wave operator

82

Feie (3.8)
4. The diffusion (heat) operator

O — A. (3.9)



3.2 Symbol
Definition 3.3. The symbol of A =3, ap(x)DP is
a(z,§) = Z ap(x)EP. (3.10)
Ip|<m

The principal symbol is

am(z,§) = Z ap(x)EP, m = ord A. (3.11)

The symbol is a function on Q x R?; more geometrically, on the cotangent bundle 7*Q). Here
x is a coordinate and £ is a covector (dual to a vector). Both a and a,, are polynomials in &.

Example 3.4. The symbols of the operators of Example are as follows; for the operators
with ¢, the variable dual to £ is 7.

1. 1), a:&;.
I
3. T+ 3,6
401+ 3, 62
Lemma 3.5. Let A have constant coefficients and v = €%, where x - £ = > wi&. Then
Au=0 <& a(§) =0. (3.12)
Proof. We have D;u = &u, hence DPu = Pu and Au = a(§)u. O

Lemma 3.6. Let A and B be linear differential operators of orders k and l with principal symbols
ar(x, &) and by(x, &), respectively. Then C' = Ao B has order < k +1; in the case of equality its
principal symbol is ay, - b;.

Usually the equality holds; it fails only because of zero-divisor effects, such as non-intersecting
supports of a; and b;.

Proof. We have
apDP bqg DY = apbq DP9 + lower terms. (3.13)

3.3 Change of variables
Consider a change of variables y; = y;(z), i =1,...,d. Then

8yk 0
— .14
8% Z 0z Oy’ (3.14)

Oy, 0 0? 0?
Z Yk OY1 Z Yk (3.15)
6:@033] ox; (%JJ Oyr0y; 0x;0x; Oyk
and so on. We get an operator of the same order with lower-order corrections:

olp|

Zap Y) 8yp1---8 e (3.16)
P
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Proposition 3.7. Let a,, be the principal symbol of A and ay, the principal symbol of A. Then

i 6) = am(@,6) i &= %gk (3.17)

Proof. For a first-order operator, the linear formula (3.14) is exactly the transformation from &
to £&. For DP of higher order we use multiplicativity, and for an arbitrary operator additivity. [

Example 3.8. Let

82
Then Su 8 o Su 8
Yi OYj Yi OYj ~
= 1 i 1
Z iy, Oy Dy dy; + lower terms, Z Dy 83315 gJ (3.19)

3.4 Operators with constant coefficients

First order. For a first-order operator

0
A= —+0 2
Zk:ak o T (3.20)
a change of coordinates gives
~ 0
A= _— +b. 3.21
o (3.21)

Second order. Consider a second-order operator

0? 0
A= —_— . .22
; i (%ckaxl + zk: bk axk te (3 )

Without loss of generality az; = ajx. A linear change of variables transforms the coefficients as

- Oy; 0
agg ~ Qjj = Z Bxy; 8?1 (3.23)
In matrix form,
O
i=CaCT, C= (8%). (3.24)
Tk
By linear algebra, a can be transformed to
diag(1,...,1,-1,...,-1,0,...,0), (3.25)
——— N——
P q

and p, ¢ do not depend on the choice of the reducing transformation.

Corollary 3.9. There exists a change of variables such that

d
- - 0

and p, q do not depend on the change of variables.

11



3.5 Characteristic covectors

Definition 3.10. A covector ¢ € R? is called characteristic at a point z if
am(z,§) = 0. (3.27)
Remark 3.11. (a) For constant coefficients, u = e is a solution if a(¢) = 0.

(b) We use ap,, not a, since a, is invariant under changes of variables.

(¢) The principal symbol a,, is homogeneous, so if & is a solution, then A is a solution. The
characteristic covectors form a union of lines, that is, a cone; 0 is characteristic.

Definition 3.12. A differential operator A is elliptic if

am(x,&) #0 VE#0, z €. (3.28)
Example 3.13. 1. The Laplace operator A =), 8;.
2. The operator 92 + 3365 is elliptic on the half-plane = > 0.

Remark 3.14. In the case of constant coefficients (second order) this means p = d, ¢ = 0 or
q=d, p=0: the form is positive definite or negative definite. Its level sets are ellipses.

Definition 3.15. An operator A is hyperbolic with respect to the time t if for all £ # 0 and all
(t,x) € Q the equation
am(t,z,7,§) =0 (3.29)

has m pairwise distinct real roots 7, ..., 7.
Usually one omits the choice of time and just says hyperbolic.

Example 3.16. For the wave operator

0? 9?

7

the characteristic covectors form the cone 72 = > £2. The level sets of the principal symbol (in
two dimensions) are hyperbolas.

Example 3.17. For the linear differential operator ) . a;0,, the characteristic covectors are
given by

D ai& =0, (3.31)

(2

a hyperplane of covectors normal to the vector field v = ", a;0,,. In two dimensions these are
the normals to the characteristic curves of the last lecture.

Moral. Today we discussed linear differential operators, their symbols and principal symbols,
and how the principal symbol transforms under a change of variables. For constant coefficients
we reduced operators of the first and second order to a canonical form, and defined characteristic
covectors, elliptic and hyperbolic operators.

Lecture 4. Second-order operators in the plane. The wave equa-
tion

References: [Dubrovin, Sec. 2.6, 2.7, 3.2, 3.3], [Strauss, Sec. 2.1, 2.2].
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4.1 Second-order operators with arbitrary coefficients

Consider the operator
A = a(x,y)02 + 2b(x,y)0,0, + c(z,y)0;. (4.1)

Recall that for constant coefficients we can bring A to one of the forms

2 2 2 2 ..
0y +0,, —0;—0, (elliptic),

2 2 .
0y — 0y (hyperbolic),
9?2 + lower terms arabolic).

Yy p

The three cases are distinguished by the determinant

— a b\ _ o
Det = det <b C>—ac b*, (4.5)

or by the number of lines of vectors of zero length, that is, of characteristic covectors.

Case 1: hyperbolic, Det < 0. The characteristic equation

a(z,y)E2 + 2b(z,y)&ly + c(z,y)&2 = 0 (4.6)

1

has two lines of solutions (&,

given by the equations

5;) and (fg,f;). They give two families of characteristic curves,

dy & .
A =1,2. 4.
- o i=1, (4.7)

Locally the solutions y = y*(z) are given by the equations
u(:r,y) = CI? U(.CL‘, y) = 027 (48)

where du is proportional to (§;,§;) and dv to ({%,fg). Here we use the straightening theorem
for vector fields from the theory of ODEs.

Lemma 4.1. The functions u, v are local coordinates.

Proof. We need to check that

det (“x “y> £0. (4.9)
z Uy
The rows (ug,uy) and (vy,v,) are proportional to the covectors €' and €2, which are not pro-
portional. Hence the determinant does not vanish. O
In the coordinates u, v } 3
A=ad>4200,0, +¢d>+ ..., (4.10)

where the dots denote terms of lower order. The characteristic covectors are du ~ (1,0) and
dv ~ (0,1). Hence (1,0) and (0,1) are roots of

a€2420E,6, +EE2 =0, (4.11)
sod:éz()andfl:%au@v—i—....

Theorem 4.2. If Det < 0, then in some coordinates

(4.12)



Case 2: elliptic, Det > 0. Now equation (4.6) has no nonzero real solutions: there are no
real characteristic covectors. Assume that a, b, ¢ are analytic. Then we have complex conjugate
characteristics £1, €2 such that ¢2 = ¢1. Similarly to the hyperbolic case there are functions

S(x,y) =u(@,y) +iv(z,y), Sy =u(@,y) —iv(z,y), (4.13)
such that dS ~ &1, dS ~ €2
Lemma 4.3. The functions u, v are local coordinates.

Proof. The differentials dS and dS are proportional to the covectors &' and &2, which are not
proportional over C. Hence du and dv are linearly independent. O

In these coordinates A has the form (4.10)), and the characteristic covectors are

s = (1,i), s = (1, -1i). (4.14)
Hence b =0 and @ = ¢.
Theorem 4.4. If Det > 0, then in some coordinates

A=a(2+2)+.... (4.15)

Case 3: parabolic, Det = 0. Assume that (a,b,c) # (0,0,0); otherwise all covectors are
characteristic. There is one line of characteristic covectors (&;,&,). Let u be the corresponding
integral, and let v be an arbitrary function such that u, v are local coordinates. Then for A the
only characteristic covector is (1,0), with multiplicity two. Hence a = b=0.

Theorem 4.5. If Det =0 and (a,b,c) # (0,0,0), then in some coordinates
A=¢d2+.... (4.16)

Remark 4.6. [t is important that d = 2. For example, in the elliptic case we used two functions
u, v to impose two conditions b= 0, a = ¢. For d variables we have d unknown functions and
need d — 1 + d(d2—1) = (d+2)2(d_1) equations. For example, for d = 3 we have five equations on
three functions.

Remark 4.7. We worked only with the principal symbol. So this is actually a classical problem
of geometry, namely we were looking for the canonical form of metric on a surface. For example,
in the elliptic case we have shown that a positive metric is conformally equivalent to dx? + dy?.
4.2 Hyperbolic case with constant coefficients
In some coordinates the operator is

0F — 2, c¢>0. (4.17)

The constant ¢ can be excluded, but we keep it, since it has a physical meaning. Physically this
is the vibrating string. The wave equation is

(0y — ¢ 02) (0 + cOz)u = 0. (4.18)
The change of variables
T =1x+ct, g=x—ct (4.19)
gives
6538gu = 0, (4.20)
discussed in Example The general solution is
u= f(x+ct)+g(z — ct). (4.21)

14



Geometry. The characteristic covectors are the solutions of
-2 =0, (6.6)~ (1), (1) (4.22)
There are two families of characteristic lines
x £ ct = const. (4.23)

The function f(x + ct) travels to the left with speed ¢, and g(x — ct) travels to the right with
speed c.

Initial value problem. Counsider, for z € R,
Uty = gy, u(x,0) = ¢(x), ut(x,0) = P(x). (4.24)

We use u(z,t) = f(z + ct) + g(x — ct). Then

{ﬂm+mm:wm, N {f+¢:? (4.25)
cf'(x) — cg'(x) = P(z), =g =2
Hence ) ) ) )
f= B <¢I + 61/1) ; g = 5 <¢/ - C¢> 5 (4.26)
and
F@) = %¢(w)+i /0 Cu(s)ds+A,  gla) = %qﬁ(m)—% /0 Cu(s)ds+B,  A+LB—0. (4.27)
Theorem 4.8 (d’Alembert formula).
1 1 T+ct
u(z,t) = f(x +ct) + g(z —ct) = 5 <¢($ +ct) + ¢(x — ct) + p / P(s) ds) . (4.28)
xr—ct

Example 4.9. For ¢(z) = ug, ¥(x) = vy we get
u(z,t) = uo + vot, (4.29)
a free string moving with speed vyg.

Remark 4.10. Let u be the solution with the initial data gg, 1; For everye >0 and T > 0
there is 6 = (e, T) such that

sup  |u(x,t) —u(z,t)| <e if sup |¢ — ¢| < 6, sup | — | < 6. (4.30)
z€R, t€[0,7T)

Hence the problem is well posed.
Example 4.11. The plucked string: see the visualization.

Remark 4.12. If ¢, ¢ have singularities, then they propagate for u along the characteristic
lines x £ ct = const.

Remark 4.13 (Causality). No part of the wave goes faster than the speed c. The domain of
influence: the data on [x1,x2] at t = 0 influence the solution at t =ty only on [x1 — cto, x2 + ctp].
Dually, the domain of dependence: the solution on [x1,x2] at t = to depends only on the data
on [x1 — cto, x2 + cto] at t = 0.
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Moral. Today we reduced second-order operators in the plane to a canonical form in the
hyperbolic, elliptic and parabolic cases, and saw that this works only in two variables. For the
wave equation we found the general solution, solved the initial value problem by d’Alembert’s
formula, and discussed well-posedness, propagation of singularities and causality.

Lecture 5. The wave equation with boundary conditions

References: [Strauss, Sec. 2.2, 3.2, 3.4], [Dubrovin| Sec. 3.4].

5.1 Energy
Assume that u decays sufficiently fast as |x| — oo, and let
1
KE = 7 /uf dz. (5.1)
Then p 2
KE c
5 = /ututt dr = ¢ /utum dr = —c? /umux dx = 5 ui dx. (5.2)
Hence the energy
E = / (uf + *u2) dz (5.3)
R

is a conserved quantity.

5.2 Half-line: fixed end
Usually a string has a boundary. Consider the wave equation on the half-line:
Ut = gy, u(z,0) = ¢(x), ug(x,0) = P(x), x>0, (5.4)

with the boundary condition
ulz=0 = 0. (5.5)

This is a fixed end, or the Dirichlet condition.
There are two regions (Figure [5.1)).

t

II

X

Figure 5.1: Half-line: the regions I (z > ct) and I (z < ct).

In region I, z > ct, d’Alembert’s formula (4.28) from the previous lecture works. In region
II, z < ct, we write
u(z,t) = f(x +ct) + g(z — ct). (5.6)

For x > 0, as on the whole line,
1 1 [7
s =5 (o) + 1 [Tuis)as). 6.7
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The boundary condition gives f(z) + g(—z) = 0, that is, g(—x) = — f(z) for x > 0. Hence, for
0<z<ct,
1 1 ct+x
u(z,t) = = <¢(x +ct) — p(ct —x) + / YP(s) ds) : (5.8)
2 CJet—a
Remark 5.1. Reflection of the characteristic lines: in region II one of the two characteristic
lines through (xz,t) hits the boundary x = 0 and is reflected (Figure[5.9; see also the visualization).

xr—ct T+ ct ct—x T+ ct

Figure 5.2: Characteristic lines through (x,t). Left: region I, as on the whole line. Right: region
II, one line is reflected at = 0.

More elegant way. The equation has a symmetry: if u(x,t) is a solution, then

—U(.’E,t), U(—l‘,t), _u(_xat) (59)
are solutions. Take the odd extensions of ¢, :
_ Jo(@), x>0, _ (), x>0,
Polr) = {—qs(—a:), pco,  Pel= {—w—x), v <0, (10

and let ueyt be the solution on the whole line with the initial data ¢ext, Wext-

Proposition 5.2. ueyt is odd for all t, and uext = u for x > 0.

First proof. Use d’Alembert’s formula and the oddness of @ext, Pext- O
Second proof. The function @(x,t) = —uext(—x,t) satisfies the same equation with the same
initial data. Hence @ = Uext. ]

Example 5.3. Let ¢ be a pulse on the half-line and ¢ = 0. The pulse splits into two pulses
moving in opposite directions. In the odd extension the left pulse meets the inverted pulse coming
from x < 0, and after the reflection it moves to the right upside down. See the visualization.

Remark 5.4. To have a C? solution we need ¢ € C?, ¢ € O, ¢(0) = 0, ¢"(0) = 0, ¥(0) = 0.

Otherwise there is a singularity on the line x = ct, the boundary between the regions I and II.

5.3 More general Dirichlet condition

Consider the boundary condition
u(z,t)|z=0 = h(ct). (5.11)
The problem is linear, hence
U = Ugp .y + Up, (5.12)

where ug ,, is the solution with the initial data ¢, ¢ and h = 0, and uy, is the solution with zero
initial data and the boundary value h. It remains to find wuy. In region I, up = 0. In region II,
up, = f(x + ct) + g(x — ct) with f =0 and g(—ct) = h(ct). Hence

up(z,t) = h(ct — x), 0<z<ct. (5.13)

17



5.4 Free end

Consider the boundary condition

This is a free end, or the Neumann condition. Take the even extensions

¢ext(x) = QS(‘ID’ wext(x) = 1/1(|95’) (515)
Proposition 5.5. ucy is even for allt and coincides with u for x > 0; in particular, u,(0,t) = 0.
Example 5.6. For a pulse on the half-line, the left pulse is reflected at z = 0 and moves to the
right with the same sign. See the visualization.
5.5 Segment

Consider the string 0 < x < [ with the boundary conditions

Ula=0 = ulz=1 = 0. (5.16)
Now there are two reflections:
Pext(—T) = —Pext(T),  Pext (2l — @) = —dext (2). (5.17)
Take
Bext(2) = {f(qu’_x), SN (518)
extended to the whole line with period 2[, and similarly ©eyxt. Then
1 1 [atet
Uext (2, 1) = 5 <¢ext(m + ct) + Gext (x — ct) + - /$ » Vext (8) ds> . (5.19)
Proposition 5.7. uex is odd with respect to both reflections, Uext|z=0 = Uext|z=1 = 0, and

Uext = U for 0 < x <.

We have many regions. A region is determined by the number of reflections crossed by the
characteristic lines. The regions are diamonds (triangles at the ends of the segment), and in
each region there is a new formula (Figure see also the visualization).

For example, in the case

3l <x+ct <4, 2 <x—ct<—I, (5.20)
we get
1 1 4l—xz—ct
u(z,t) == (-4l —xz —ct) + p(2l + x — ct) + — / P(s)ds ). (5.21)
2 C Ja—ct+21

More general boundary condition. Consider
u|z=0 = h(ct), u|z=; = 0. (5.22)

As before, u = ug  + up. Now the regions are triangles bounded by the characteristic line from
the corner (0,0), reflected at both ends (Figure [5.4). Going up from ¢ = 0, in the successive
regions

up =0, up, = h(ct — x), up, = h(ct — ) — h(ct + z — 21),

(5.23)
up, = h(ct —x) — h(ct + o — 21) + h(ct — x — 21),

and so on: each reflection adds a term. The second term is needed for up|,—; = 0; the third one
because at z = 0 the first two give h(ct) — h(ct — 21).

18



Figure 5.3: Segment: the regions are bounded by the characteristic lines through the ends.
Shaded: the region 3l < x + ¢t < 4l, =21 < x — ct < —I of the example below.

Moral. The main topic of this lecture is the wave equation with boundary conditions. We
used two basic methods: reflection or or explicit formula f(x + ct) 4+ g(x — ct) in each region.

Lecture 6. Periodic problem for the wave equation. Fourier se-
ries

References: [Dubrovin, Sec. 3.5], [Arnold, Sec. 4.6, Ch. 5], [Strauss, Sec. 5.5].

6.1 Periodic boundary condition
Consider the periodic boundary condition, or the circle condition,

u(z +1,t) = u(x, t) for all z, t, (6.1)
with [-periodic initial data ¢, ¥. The ends of the segment [0, (] are identified (Figure [6.1]).
Proposition 6.1. There erists a unique solution.
First proof. d’Alembert’s formula gives an [-periodic function. O

Second proof. Let u be the solution on R. Then u(x+1,t) is also a solution of the same problem.
The solution on R is unique, hence u(x + [, t) = u(x,t). A periodic solution is a solution on R,
hence it is unique. ]

Below | = 27 (otherwise change the scale of :, which changes ¢). Typical periodic functions
are sinz, cosz, e*? with k € Z.

Lemma 6.2. If ¢(x) = e and ¢(z) = 0, then
u(z,t) = ™ cos(nct). (6.2)

If p(z) = 0 and (z) = e™®, then

o1
inr_— t ’ 0’
w(t) = e sin(nct), n # (6.3)

t, n = 0.
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h(ct — z)

—h(ct +x —2I)
+h(ct —x —2I)

h(ct — x)

—h(ct + 2 —2I)

h(ct — )

0

x
0 l

Figure 5.4: Segment with u|,—o = h(ct), u|,—; = 0: the values of uj in the regions bounded by
the characteristic line from (0,0) and its reflections.

0 l
Figure 6.1: The circle condition: the ends of the segment are identified.

6.2 Another idea: eigenvectors

Recall the ODE
uy = Au, (6.4)

where u lies in a finite-dimensional vector space CV. If A has a basis of eigenvectors u1, ..., uy
with eigenvalues A1, ..., Ay, then

Ulg=o = Zciui =  ut) = Zciuie’\"t. (6.5)
i i

That is, to solve the equation we need to
1. find the eigenvectors;
2. find the coefficients c;.

Step 2 is simplified if A is self-adjoint, (Au,u) = (u, Au). Then there exists an orthogonal
eigenbasis, and

(uv ul)
(wi, ui)

(6.6)

C; =

Idea. For A = c?0? consider a space of functions as an analogue of CV, and find orthogonal

eigenvectors. The eigenfunctions of 9, are e'*®; periodicity gives k € Z.

20



Consider the Hermitian scalar product
2m

(1) = 5= | f@a@) e

It satisfies

(fy9) = (g9, ), )
(M1 + pfa, 9) = A f1,9) + u(f2, 9), (fs Ag1 + ng2) = A(f, 91) + ia(f, g2),
(f,.f)>0  for f#0.

Integrating by parts, we get
Ok =0y (02 =02

The exponentials form an orthonormal basis:
imz _inx
(€™, ™) = §py .

Remark 6.3. Over R one can use the orthogonal basis

cosnz = - (e e 17) sinnz = % (e — e )

1

N —

6.3 Fourier series

Definition 6.4. Let f be a 2m-periodic function on R. Its Fourier series is

2

. _ 1 .
Z cpe™, cn = (f,e") = — (z)e " dx.

Cor
nez 0

We want the Fourier series to converge to f. This requires some smoothness of f.

Consider the partial sums
N
Sn(z) = Z cne™.
n=—N
This is the orthogonal projection of f onto the (2N + 1)-dimensional space
VN — <efiN:E efix 1 eim eiN:E)

since Sy € Viy and (Sn,g9) = (f, g) for all g € Vy. In particular,

N
(Sn.Sn) = D leal®.
n=—N

Lemma 6.5 (Bessel inequality). For f € L2,

> lenl® < (£, 6).

ne”

Proof. We have

0<(f=5n,f=5n)=(f.f)—(f,Sn) — (SN, f) + (Sn, Sn) = (f, f) — (Sn, Sn)-

Geometrically, the length of the projection is at most the length of the vector.

Corollary 6.6. >, |c,|* < 0o; in particular, c, — 0 as |n| — oco.
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Theorem 6.7. If f € C' is 2m-periodic, then Sy(x) — f(x) for every x.

Proof. Step 1. Substituting the coefficients and then changing the variable of integration y =
x + 0 (the integral of a 2m-periodic function over any period is the same), we get

N N
inx 1 T —iny .inx
Sv(@) = > ene -—QWy/ﬂdnyD 3 e
n=—N n=—N
N . 1

1 (7 ) 1 [7 sin (N + f) 0
=— [ db 9 0 — — [ 4 0)—— 22— (6.20
2 J_, fle+ >n:ZNe 2T /,, fle+ ) sin %0 ( )

Here we used

(eiNG TR efiNG) (eiG/Q _ 6719/2> — (l(N+3)0 _ —i(N+1)6 (6.21)

Step 2. Note that

1 ~ N . 1 - in (N + 1\
% /Tr n_Z_:Nem‘g df = 1, hence f(],‘) = / f(x)u do. (622)

2 J_; Sin%Q
Therefore
1T sin(N+3)60 1 [ ‘
f(x) — Sy(z) = 7 /7r do (f(z) — flz+ 0>)T§92 e df g(0)sin (N + 1) 6,
(6.23)
where
g(o) = LS+ 6) (6.24)

sin %9
is a 47m-periodic continuous function (at § = 0, £27 because f € C1).
Step 8. The functions sin (N + %) 0 are orthogonal on [—2m, 27], hence the scalar products

tend to zero. Indeed, they are bounded by 3 (|CN+;\ + ’C*N*lo’ where ¢/, k € Z, are
2 2

the Fourier coefficients of the 4m-periodic function g, and these tend to zero by the Bessel
inequality. O

Theorem 6.8. If f € C', then Sy — f uniformly.

Proof. Let
f = Zc%eim. (6.25)
nez
Integrating by parts, we get
/ | . e . o—inz :
n = 5o ; f(x)e ™ da = 3, f(z) (—ine™®) da = incy, (6.26)

and Y |c/,|? < co by the Bessel inequality. By Theorem |6.7

fl@) = Sn(x) = Y cne™, (6.27)
|n|>N

which is bounded by 3_, - v [cn|. Finally,

1
len| = EC;z

1/, ,9 1
<3 (kP ). (6.28)
and both series converge. O
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Here we used the inequality |ab] < 3 (|al®>+ [b|?). Equally, one can use the Cauchy-
Bunyakovsky—Schwarz inequality

1/2 1/2
Z\anbn§<zmn\2> (Z\bn!2> (@ b)) < (a,0) (b, 0)" 2. (6.29)

Remark 6.9. The conditions of Theorems and can be weakened. In Theorem it
suffices that f is bounded and integrable and the difference quotient (f(x + 0) — f(x))/0 is
bounded for small 0, for example, f is differentiable at the point x: the proof uses only that
g 1s square integrable. In Theorem it suffices that f is continuous and piecewise C': the
proof uses only the integration by parts and the Bessel inequality for f'. Continuity alone is not
sufficient: there are continuous functions whose Fourier series diverges at a point.

Example 6.10. Let f(z) = signz for —7m < z < 7, extended 27-periodically. Its Fourier series
converges at every point, but not uniformly: the sum is discontinuous. See the visualization.

Corollary 6.11 (Parseval equality). For f € C!,

> leal? = (£, 1)- (6.30)

nez
This is an infinite-dimensional analogue of the Pythagorean theorem.
Proof. Sy — f uniformly, hence z\n\SN leal? = (S, f) = (f, f). ]
Corollary 6.12. If f,g € C! and ¢, (f) = cn(g) for all n, then f = g.
Smoothness is needed here: if we modify f at one point, the coefficients ¢,, remain the same.

Remark 6.13. More generally, if f € C*, then |c,n*| — 0.

6.4 Solution of the periodic problem
Expand the initial data:

Gx) =D ne™,  P(x) =) ™. (6.31)

neZ neZ
By Lemma the solution is
inx 1 SiH(TLCt) inT
u(@,t) =Y ¢ncos(net)e™ + =Y by ———2e" + gyt (6.32)
nez ¢ n#0 n

For ¢ € O, ¢ € CV the series converges.

Remark 6.14 (Real solutions). One can use the basis cosnz, sinnz of Remark :

f(z) = % + T; (an cosnzx + by, sinnx) , (6.33)

convergent for f € C, where

1 2m 1 2m
ap = Cp +Cop = 71_/ f(x) cosnzx dz, by =i(cn —c—p) = = (r)sinnxdr. (6.34)
0 0

23



Moral. Today we solved the wave equation with the periodic boundary condition in two ways.
The first is d’Alembert’s formula; the second, as for a linear ODE, is the expansion of the solution
in the eigenbasis ® of the self-adjoint operator 2. This method is very general, and we will
need it again. In the answer each term is a product of a function of ¢ and a function of z:
this is the separation of variables. To justify the method we proved the convergence of Fourier
series.
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